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Preface

This volume follows on the subject matter treated in Basic Algebra and together with
that volume represents the contents of volumes 2 and 3 of my book on algebra, now
out of print; the topics have been rearranged a little, with most of the applications in
the present volume, while the basic theories (groups, rings, fields) are pursued
further in the earlier book. In any case all parts of volumes 2 and 3 are represented.
The whole text has been revised, some exercises have been added and of course errors
have been corrected; I am grateful to a number of readers for bringing such errors to
my attention.

Chapter 1 presents the basic notions of universal algebra: the isomorphism
theorems, free algebras and varieties, with the natural numbers, viewed as algebra
with a unary operator as an application, as well as the ultraproduct theorem and
the diamond lemma. The introduction to homological algebra in Chapter 2 goes
as far as derived functors and global dimension, with the case of polynomial rings
and free algebras as an application. Chapter 3, on group theory, discusses some
items of general interest and importance (group extensions, Hall subgroups, trans-
fer), but also topics which find an echo elsewhere in the book, such as free groups
and linear groups. Chapter 4, on algebras, deals with the Krull-Schmidt theorem,
projective covers, Morita equivalence and related matters, but stops short of the
representation theory of algebras, which would have required more space than was
available. This is followed by an account of central simple algebras (Chapter 5),
introducing the Brauer group and crossed products. The representation theory of
finite groups in Chapter 6 presents the standard facts on representations and
characters and illustrates this work by the symmetric group. The next two chapters
return to rings; Chapter 7 presents topics on Noetherian rings such as Goldie’s
theory, as well as polynomial identities and central polynomials, while Chapter 8
deals with the general density theorem, the various radicals and non-unital algebras.
Chapter 9, on skew fields, gives a simplified treatment of the Dieudonné determinant
and establishes the existence of ‘free fields’. Its proof is based on the specialization
lemma, which is of independent interest.

The final two chapters are applications of a different kind. Chapter 10 is an intro-
duction to block codes, in particular linear codes and cyclic codes, as well as some
other kinds. Chapter 11 deals with algebraic language theory and the related
topics of variable-length codes, automata and power series rings. In both chapters
it is only possible to take the first steps in the subject, but we go far enough to
show how techniques from coding theory are used in the study of free algebras.



X Further Algebra and Applications

The text assumes an acquaintance with much of Basic Algebra, to which reference
is made in the form ‘BA’ followed by the section number. Definitions and key
properties are usually recalled in some detail, but not necessarily on their first occur-
rence; the reader can easily trace explanations through the index. As before, there are
occasional historical references and numerous exercises, often with hints, though no
solutions.

A number of colleagues and friends have made comments on the earlier edition
and I would like to express my thanks to them here. My thanks also go to the
staff of Springer-Verlag London and to Mrs Lyn Imeson for the efficient way they
have carried out their task.

University College London P.M. Cohn
October 2002



Conventions on
Terminology and notes to
the reader

References to Basic Algebra are in the form BA, followed by the section number.

A property is said to hold for altmost all members of a set if it holds for all but
a finite number. The complement of a subset Y in a set X is written X\Y. As a
rule mappings are written on the right; in particular this is done when mappings
have to be composed, so that «f means: first , then . If « is a mapping from a
set X and Y is a subset of X, then the restriction of & to Y is written «|Y.

All rings and monoids have a unit element or one, which acts as neutral element
for multiplication, usually denoted by 1; by contrast an algebra (over a coefficient
ring) need not have a one. A ring is trivial or the zero ring if it consists of 0
alone; this happens just when 1 = 0. An element a of a ring is called a zero-divisor
if a# 0 and ab = 0 or ba = 0 for some b # 0; if a is neither 0 nor a zero-divisor,
it is said to be regular (see Section 7.1). A non-trivial ring without zero-divisors is
called an integral domain; this term is not taken to imply commutativity. A ring
in which the non-zero elements form a group under multiplication is called a skew
field; in the commutative case this reduces to a field, but sometimes (in Chapter 9)
this term is also used in the general case. In any ring R, the set of all non-zero
elements is denoted by R*; this notation is mainly used for integral domains,
where R* is a monoid. A skew field finite-dimensional over its centre is called a divi-
sion algebra, but the term ‘algebra’ by itself is not taken to imply finite dimension-
ality. A ring is said to have invariant basis number (IBN) if any two bases of a free
module have the same number of elements, or equivalently, if any matrix with a
two-sided inverse is square (see BA, Section 4.6).

References to the bibliography are by name of author and date in round brackets
for books and square brackets for papers. As in BA, all results in a section are
numbered consecutively; further we abbreviate ‘if and only if” by iff (except in
enunciations) and use B to indicate the end (or absence) of a proof.

The chapters are to a large extent independent, so no interdependence chart has
been given, but the reader may have to turn back for the occasional result; this is
usually clearly indicated.



Universal algebra

Most algebraic systems such as groups, vector spaces, rings, lattices etc. can be
regarded from a common point of view as sets with operations defined on them, sub-
ject to certain laws. This is done in Section 1.1 and it allows many basic results, such
as the isomorphism theorems, to be stated and proved quite generally, as we shall see
in Section 1.2. Of the general theory of universal algebra (by now quite extensive), we
shall need very little, this forms the subject of Section 1.3; in addition to the basic
concepts we define the notion of an algebraic variety, i.e. a class of algebraic systems
defined by identical relations, or laws. But there are one or two other topics, not
strictly part of the subject that are needed: the diamond lemma forms the subject
of Section 1.4, while dependence relations have already been discussed in BA
(Section 11.1). There is also the ultraproduct theorem in Section 1.5, a result from
logic with many uses (see Chapter 7). The chapter ends in Section 1.6 with an axio-
matic development of the natural numbers, regarded as an algebraic system, in an
account following Leon Henkin [1960] (see also Cohn (1981)).

1.1 Algebras and homomorphisms

Algebraic structures show certain common features: they have operations defined on
them, which satisfy laws such as the associative law. These operations are mostly
binary, like addition or multiplication, but sometimes they are unary, e.g. taking
the inverse of a number, or ternary, e.g. the basic operation in a ternary ring, occur-
ring in the study of projective planes (see M. Hall (1959)), or even noughtary, like
the neutral element in a group. For any integer n > 0 we define an n-ary operation
on a set S to be a mapping of S into S. The number » is called the arity of the
operation and we say unary for l-ary, binary for 2-ary, ternary for 3-ary and
finitary to mean n-ary for some natural number 1. A 0-ary operation on § is just
a particular element of S; this is also called a constant operation.

An algebra is to be thought of as a set with certain finitary operations defined on it,
but in order to compare different algebras we need to establish a correspondence
between their sets of operations. This is done by indexing the operations in each
algebra by a given index set, which is kept fixed in any discussion. Its elements are
called operators, each with a given arity.
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Thus by an operator domain we understand a set Q and a mapping a : 2 — Nj,.
The elements of Q are called operators; if w € 2, then a(w) € Ny is called the
arity of w. We shall write Q(n) = {w € Qla(w) = n}, and refer to the members of
2(n) as n-ary operators.

An Q-algebra is defined as a pair (A, 2) consisting of a set A together with a family
of operations indexed by :

w:A" > A foreachwe Q(n).n=0.1,2..... (1.1.1)

The set A is called the carrier of the algebra. Strictly speaking we should denote the
algebra by (A, Q. ¢), where ¢ is the family of mappings ¢, : 2(n) — Map(A". A)
defined by (1.1.1), but usually we shall not distinguish notationally between an
algebra and its carrier. The set Q is called the operator domain, or also the signature
of the algebra. We give some examples.

1. Groups. A group (G. -, "1, 1) is given by a set with a binary operation (multipli-
cation), a unary operation (inversion) and a constant operation (the neutral ele-
ment), satisfying certain laws which are familiar to the reader (see Section 1.3
below).

2. Rings. A ring (R, 4+, —. x, 0, 1) is given by set with two binary operations +, x,
two constant operations 0,1 and a unary operation —, again satisfying well-
known laws.

3. Lattices. A lattice may be defined as a partially ordered set in which each pair of
elements has a supremum and an infimum, or as an algebra (L. V. A) with two
binary operations satisfying certain laws (see BA, Section 3.1). For Boolean
algebras we require in addition a constant operation 0 and a unary operation ',
which leads to another constant operation 1 =0, an instance of a derived
operation (see Section 1.3).

4. Vector spaces. Let k be a field. A vector space over k is an algebra (V. +. 0, k) with
a binary operation +, a constant operation 0 and a family of unary operations
indexed by k : w, : u—> au(u € V.« € k), satisfying the laws familiar from linear
algebra. For an infinite field k this is an example of an algebra with an infinite
signature.

5. A l-element set has a unique $2-algebra structure for any Q. This is called the
rrivial  2-algebra.

6. The empty set is an Q2-algebra precisely when 2 has no constant operators.

Given an 2-algebra A and w € Q2(n), we can apply o to any n-tuple a,. .... a, €A
and obtain another element of A which is written a, ... a,w. In the case # = 0 this
just singles out an element of A, denoted by w; the zero element in a ring is an
example.

Many algebraic concepts can be formulated for general 2-algebras. Thus given an
Q-algebra A, an Q-subalgebra is an Q-algebra B whose carrier is a subset of that of A
and which is closed under the operations of 2, as defined in A. It is clear from the
definition that a given subset of A can be defined as a subalgebra of A in at most one
way. To give an example, the ring Z of integers has no proper subrings, because the
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constant operation | already generates the whole of Z. The subset {0} is again a ring,
but it is not a subring because the operation 1 has different values on Z and on {0}.

It is not hard to see that the intersection of any family of subalgebras of a given
algebra A is again a subalgebra of A. Hence for any subset X of A we can form
the intersection of all subalgebras containing X. This is called the subalgebra of A
generated by X; it may also be obtained by applying the operations of © to the
elements of X and repeating this operation a finite number of times. If the subalgebra
generated by X is the whole of A, then X is called a generating set of A. Clearly every
algebra A has a generating set, e.g. A itself.

A mapping f : A - B between Q2-algebras A, B is said to be compatible with
w € Qn) if for all a,,...,a, € A,

(a1 f).. . (a,flw = (a;...a,w)f. (1.1.2)

If f is compatible with each w € Q, it is called a homomorphism from A to B. If a
homomorphism from A to B has an inverse which is again a homomorphism, it
is called an isomorphism, and A, B are then said to be isomorphic. For example, all
1-element S2-algebras are isomorphic. As in more special cases, an isomorphism of
an algebra with itself is called an automorphism and a homomorphism of an algebra
into itself is an endomorphism.

We observe that a homomorphism is determined once it is known on a generating
set. This is the content of

Proposition1.1.1.Let f. g : A — B be two homomorphisms between Q2-algebras A and
B. If fand g agree on a generating set of A, then they are equal.

Proof. The set {x € A|xf = xg} is easily seen to be a subalgebra of A. By hypothesis
it contains a generating set of A, hence it is the whole of A and so f = g, as we had to
show. a

From any family (A,),., of Q-algebras we can form the direct product P =[] A;;
its carrier is the Cartesian product of the A,, and the operations are carried out
componentwise. Thus if ; : P — A, are the projections from the Cartesian product
to the factors, then any w € Q(n) is defined on P by the equation

(a,...a,w)m; = (ay7;)...(a,7,)w. (1.1.3)

It is easily checked that this defines an S2-algebra structure on P and the form of
(1.1.3) shows that the projection n; is a homomorphism from P to A,.

Of course the A, need not be all distinct. If for example A; = A for all i € I, we
obtain the direct power of A indexed by I, which is denoted by A'. Its members
may be regarded as functions f : I — A and the operations are defined component-
wise; e.g. if an addition is defined on A, then in A’ we have

(f+)i)=fi)+gli). iel
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Exercises

1. Show that the set of all subalgebras of an 2-algebra is a complete lattice (i.e. a

lattice in which every subset has a sup and an inf, see BA, Section 3.1).

Verify the equivalence of the two definitions of subalgebra generated by X, given

in the text, i.e. show that the set obtained from X by repeatedly applying €2 is the

least subalgebra containing X.

3. Show that if 2 is finite, then there are only finitely many S2-algebras on a given
finite set as carrier. Is there a bound in terms of the size of the carrier alone?

4. Show that every homomorphism which is bijective is an isomorphism.

5. Let A be an Q2-algebra with a carrier of n elements. Show that A has at most n!
automorphisms and at most n” endomorphisms. Find bounds on the number
of automorphisms and endomorphisms if €2 includes a constant operator. Find
bounds if A has an r-element generating set.

6. Let A be an Q-algebra. Show that the set Map(A) of all mappings of A into itself
may be regarded as an Q-algebra. Further show that End(A), the set of all endo-
morphisms, is a subalgebra of Map(A) provided the following condition is satis-
fied by A: Given 6 € Q(m), w € Q(n) and any m X n matrix over A, the element
obtained by applying 6 to each column and w to the result is the same as the
element obtained by applying w to each row and ¢ to the result.

(o8]

1.2 Congruences and the isomorphism theorems

Let A and B be any sets. By a correspondence from A to B we understand a subset of
the Cartesian product A x B. For example, a mapping f : A — B may be defined as a
correspondence I'; from A to B which has the properties of being (i) everywhere
defined and (ii) single-valued:

(i) for each a € A there exists b € B such that (a, b) € Ty,
(i) if (a,b). (a,b") € Tj, then b=1b".

This correspondence is sometimes called the graph of the mapping f.
We shall define two operations on correspondences. For any I' € A x B we have
the inverse, defined as

I~'={(b.a) € Bx Alla.b) € T}

next, if ' € A x Band A C B x C, then their composition is given by
FcA={(ac)eA xCla,x) € Ax Band (x.c) € Bx C for some x € B}.

Further,if ' € A x BandA' C A,wedefine AT = {b € B|(a, b) € I"forsomea € A}.

On every set we have the identity correspondence, also called the diagonal,
14 = {(a.a)la € A} and the universal correspondence A’ = {(x,y)|x,y € A}. For
example, the above conditions (i), (ii) on I'; to be the graph of a mapping can be
expressed as follows:

Fiol ' 21y T/ 'oly C g
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To give another example, an equivalence on A may be defined as a subset I" of A*
with the properties

(i) Tol CT (transitivity)
(i) T !=T (symmetry)
(i) T 2 14 (reflexivity).

To use correspondences in the study of -algebras, we shall need to know their
behaviour as subalgebras.

Lemma 1.2.1. Let A, B, C be Q2-algebras and I". A subalgebras of A x B, B x C respec-
tively. Then T' ™" is a subalgebra of B x A, " o A is a subalgebra of A x C and for any
subalgebra A" of A, A'T is a subalgebra of B.

Proof. Take w € Q(n) and (a;,¢;) e To A(i=1,....n),say(a;. b,) € T, (b;. ¢;) € A,
andputa,...auw=a,b,...b,w =b,c,...c,w=c. Thesince I', A are subalgebras,
we have (a. b) € T, (b, ¢) € A, hence (a, c) € I" o A and since this holds for all w € 2,
it shows I" o A to be a subalgebra. The proof for ' ! and AT is quite similar and may
be left to the reader. a

Let S, Tbe any sets and f : S — T a mapping between them. Then the image of fis
defined as STy, also written im for Sf; the kernel of f is defined as the correspondence

ker f = {(x.y) € S*|xf = yf}. (1.2.1)
In terms of the graph I'y of f we have
ker f =Ty o Ff".

Clearly it is an equivalence on S; the different equivalence classes are just the inverse
images of elements in the image, sometimes called the fibres of f.

Let us consider how the above definition is related to the kernel of a homo-
morphism of groups. Given a group homomorphism f : G — H, the kernel of f
in the usual sense is the inverse image under f of the unit element of H; this is a
normal subgroup N of G and the different cosets of N in G are just the fibres of f.
So ker f as defined in (1.2.1) is the set of cosets of N in G. Since this collection is
entirely determined by N, it makes sense to replace it by N, which is what is usually
done in group theory. But for arbitrary sets we shall need the whole correspondence
ker f as defined above and we cannot replace it by anything simpler. This is still true
when we come to study kernels of homomorphisms of 2-algebras.

Let S, T be any sets and I' a correspondence from S to T. We shall use I' to define
systems of subsets of S, T between which there is an inclusion-reversing bijection, as
follows.

For any subset X of S we define a subset X* of T by

X*={yeTlx.y)el foral xeXj}.
and similarly, for any subset Y of T we define a subset Y* of S by

Y*={xeS|x,y)e" forall yeY}
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We thus have mappings
Xi—X* Y—-Y* (1.2.2)

of #(X), 2(Y) into each other with the properties

X1 CXo=X12X;, VCY,=Y]2VY], (1.2.3)
XCcX*™ yYcy* (1.2.4)
X=X, Y™ =Y* (1.2.5)

Conditions (1.2.3) and (1.2.4) are immediate from the definitions. If (1.2.3) is
applied to (1.2.4), we get X* 2 X** and (1.2.4) applied with X* in place of X
gives X* C X** Hence X*** = X* and similarly for Y*. This proves (1.2.5) as a
consequence of (1.2.3) and (1.2.4) alone.

A pair of mappings (1.2.2) between #(S) and #(T) satisfying (1.2.3), (1.2.4) and
hence (1.2.5) is called a Galois connexion. An obvious example, which also accounts
for the name, is the situation in field theory. If F is a field and G the group of all its
automorphisms, then the pairs (x, @) € F x G such that x* = x form a correspon-
dence which establishes a Galois connexion between certain subfields of F and
subgroups of G. If G is a finite group of automorphisms of F and k is the subfield
of elements left fixed by G, then there is a correspondence between all subgroups
of G and all fields between k and F (see BA, Section 7.6 and Section 11.8).

Let us define a congruence on an Q-algebra A as an equivalence on A* which is also
a subalgebra of A°. For example, 1, and A’ are congruences on A, and every other
congruence g lies between these two: 1, € q C A”. The congruence on Z (as ring)
determined by a given positive integer m consists of the residue classes mod m,
i.e. the sets of numbers leaving a given remainder after division by m. As in this
example, we shall sometimes, for any congruence q on A, write a = b (mod q) to
mean (a, b) € q.

The next two results explain the significance of congruences for algebras.

Theorem 1.2.2. Let f : A — B be a homomorphism of 2-algebras. Then im f is a
subalgebra of B and ker f is a congruence on A.

Proof. It is easily checked that the graph I’y of f is a subalgebra of A x B. By Lemma
1.2.1, im f = Ay is a subalgebra of B and ker f =Ty o I';"! is a subalgebra of A%,
therefore it is a congruence. a

Given a group G with a normal subgroup N, we can put a group structure on the
set G/N such that the natural mapping G — G/N is a homomorphism. In the same
way we can, for any congruence q on an $2-algebra A, define an algebra structure on
the set of q-classes A/q such that the natural mapping A — A/q is a homomorphism
with kernel q. This is the content of
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Theorem 1.2.3. Let A be an Q-algebra and q a congruence on A. Then there exists a
unique Q2-algebra structure on the set A/q of all g-classes such that the natural mapping
v:A — A/q is a homomorphism.

Proof. The natural mapping v: A — A/q is well-defined because q is an equivalence.
It induces the mapping v, : A" — (A/q)" for n = 0, 1. ... in an obvious fashion. Let
us write [x] for the residue class (mod q) of x € A. To complete the proof we must
show that for each w € Q(n) there is just one way to complete the diagram

A" —~ (A/q)"
lm ;w’
A —~ A/q

to a commutative square; thus we have to find a map w': (A/q)" — A/q such that
la\]... [as]o =]a;...a,0]. (1.2.6)

This equation defines w’ uniquely if we can show that the right-hand side is indepen-
dent of the choice of g, in its g-class. Let (a;, a}) € g; since q is a subalgebra, we have
(a)...0,0,a)...0,w) € q, ie.

la)...a,w] = [a]...a,w].

n

and this is what we had to show. ]

The algebra so defined on A/q is again denoted by A/q and is called the quotient
algebra of A by q, with the natural homomorphism v: A — A/q. For example, as
we have seen, A always has the congruences 1,.A°; the corresponding quotients
are A and the trivial Q2-algebra consisting of a single element. An S2-algebra is said
to be simple if it is non-trivial and has no quotients other than itself and the trivial
algebra. It follows that an algebra A is simple iff it is non-trivial and has no con-
gruences other than 14 or A”.

The isomorphism theorems for groups have precise analogues for Q-algebras. We
begin with the factor theorem, which is also familiar in the case of groups (BA, The-
orem 2.3.1).

Theorem 1.2.4 (Factor theorem). Let f : A — B be a homomorphism of Q-algebras
and q a congruence on A such that q C ker f. Then there is a unique homomorphism
f':A/q— B such that f = vf', where v is the natural homomorphism from A to
A/q. Further, f' is injective if and only if q = ker f.

Proof. Let us again write [x] for the g-class of x € A. If a homomorphism f ' with the
stated properties exists, then it must satisfy

lalf ' =af, ae€A (1.2.7)

Thus there can be at most one such mapping. To show that there is one we have to
verify that the right-hand side of (1.2.7) depends only on the g-class containing a and



8 Universal algebra

not on a itself. Let (a,a') € g; then (a, a’) € ker f, hence af = a'f as claimed. Thus
there is a unique well-defined mapping f ' to satisfy (1.2.7) and it only remains to
show that f' is a homomorphism. Given a; € A, € 2(n), we have (g, ... a,0)f =
(arf).. . (a,f)o, hence by (1.2.7),

lal .- -ana’]f' = Ia]]f/-~ . [a,,]f’w,

and this shows f’ to be a homomorphism. It is injective iff no two distinct g-classes
are identified by f' and this is just the condition q = ker f. [ |

Theorem 1.2.5 (First isomorphism theorem). Let f : A — B be a homomorphism of
Q-algebras. Then

A/ker f = imf. (1.2.8)

Thus f may be factorized as f = vfiu, where v: A ~— A/ker f is the natural homo-
morphism, f, is the isomorphism (1.2.8) and p :im f — B is the inclusion mapping.

Proof. By applying the factor theorem with q = ker f we find f" : A/ker f — B such
that f = vf’, where f' is injective. Its image is im f, so there is an isomorphism
fi - A/ker f — im f to satisfy f = vfiu, as claimed. [ |

Theorem 1.2.6 (Second isomorphism theorem). Let A be an Q-algebra, A\ a sub-
algebra of A and q a congruence on A. Then the union of all q-classes meeting A is
a subalgebra AT of A, q, = qN A} is a congruence on A, and we have an isomorphism

Ay/q, = Al/q. (1.2.9)

Proof. Let v: A — A/q be the natural homomorphism and v, its restriction to A,.
Then v, is a homomorphism of A, into A/g; its image is the set of g-classes meeting
A, namely A{/q, and its kernel is q N A? = q,. Applying Theorem 1.2.5 we obtain
(1.2.9). a

Similarly, by applying the factor theorem with B = A/t and the natural homo-
morphism v, : A — A/t for f, we obtain

Theorem 1.2.7 (Third isomorphism theorem). Let A be an Q-algebra and q, ¢ con-
gruences on A such that q C v. Then there is a unique homomorphism 6 : A/q — A/t
such that vy = v.. Further, ker 6 is the set of pairs of q-classes that are identified in A/x.
Denoting this set by t/q, we find that t/q is a congruence on A/q and 0 induces an
isomorphism

0': (A/q)/(x/q) — A/t (1.2.10)
such that 6 = v,,,6". [ |

If we fix q and vary t, we obtain
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Corollary 1.2.8. Let A be an Q-algebra and q a congruence on A. There is a natural
bijection between the set of congruences on A/q and the set of congruences on A which
contain q, and if t/q, © correspond in this way, then

Alv=(A/q)/(t/q). B

In particular, we see that A/q is simple iff q is a maximal proper congruence on A.
We note the standard application of Zorn’s lemma to obtain maximal subalgebras:

Theorem 1.2.9. Let A be an Q2-algebra, A’ a subalgebra and S a subset of A. Then there
exists a subalgebra C of A which is maximal subject to the conditions C 2 A’
cCNS=A'NS.

Proof. The family of all subalgebras C such that C 2 A, CN'S = A" N S is easily seen
to be inductive; hence by Zorn’s lemma there is a subalgebra which is maximal
subject to these conditions. [ - |

Since congruences on A are certainly subalgebras of A® and the collection of all
congruences is inductive, we obtain

Corollary 1.2.10. Let A be an Q2-algebra, I" a correspondence on A and q a congruence
on A. Then there exists a congruence q* on A which is maximal subject to the conditions
°29.9°NC=qNT. .

We conclude this section with a construction which is often used, the subdirect
product. Let us again take a direct product of Q-algebras: P = [] A,, with projections
7,1 P — A, Itis easily seen that P may be characterized by the properties:

(i) for any x,y € P, if xm; = ym; for all i, then x = y,
(ii) given any family (a;), where a; € A;, there exists x € P such that xm, = a,.

Often one encounters situations where only (i) holds. This means that we are deal-
ing essentially with a certain subalgebra of the direct product [] A;, with projections
7,1 P — A;. An algebra A is called a subdirect product of the A; if there is an embed-
ding of A in the direct product P such that the image is mapped by 7; onto A;, for
all i. We remark that any subalgebra A of [] 4; is a subdirect product of the family A},
where A] is the image of the restriction map 7;|A. Subdirect products usually arise as
follows.

Proposition 1.2.11. Let A be an Q-algebra and (q;) a family of congruences on A. Put
q=0Nq, A, = A/q; Then A/q is a subdirect product of the family (A;).
Proof. The map 6 : A — [] A; defined by

ad = (a,), where g; is the q;-class of a, (1.2.11)

is a homomorphism and its kernel is clearly Ng; = q. Dividing by g, we obtain an
embedding A/q — []A; and by (1.2.11), 0m; is surjective, hence A/q is a subdirect
product of the A;. a
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Of course if the congruences g; intersect in 1,4, then A itself is a subdirect product
of the A;.

This proposition may also be expressed as follows. A congruence q on A is said to
separate a, b € A if (a, b) ¢ q. Given a class 2 of Q-algebras, an algebra A is said to
be residually- if for each pair of distinct elements a. b of A there is a congruence q
separating a and b such that A/q € #. Now Proposition 1.2.11 tells us that an algebra
is a subdirect product of :Z-algebras iff it is residually-2.

A family (q;) of congruences on A is said to be separating if Nq; = 1. This just
means that any pair of distinct elements is separated by some q;. It is clear that
any family which includes 1 is separating. If the set of all congruences # 14 on A
is separating, A is called subdirectly reducible; otherwise A is subdirectly irreducible.
We note that the trivial algebra is subdirectly reducible according to this definition.
Let us also remark that A is subdirectly irreducible iff in every subdirect product
representation of A at least one of the homomorphisms to the factors is an iso-
morphism. With this definition we have the following theorem, due to Garrett
Birkhoft, 1944,

Theorem 1.2.12. Every Q-algebra is a subdirect product of subdirectly irreducible Q-
algebras which are homomorphic images of A.

Proof. Since the trivial algebra may be written as the empty product, we may take A
to be non-trivial. If a. b € A, a # b, then by Corollary 1.2.10, there is a maximal con-
gruence ¢, not containing (a, b). Thus (a.b) & q, but (a,b) € q" for all ¢’ D qy;
hence A/q, is subdirectly irreducible. Moreover, if (gq;) is the family of congruences
formed for all such pairs a. b, then Nq, =1 because any pair a # b is separated
by some q,. Thus by Proposition 1.2.11, A is a subdirect product of subdirectly
irreducible algebras A/q,, each a homomorphic image of A. - |

Exercises

1. Write down the conditions for a correspondence from sets S to T to be a bijection.

2. Describe a partial ordering on a set S in terms of the correspondence
{(a.b) € $°|a < b}.

3. Fill in the details in the proof of Lemma 1.2.1.

4. Verify that the kernel of a ring homomorphism (in the sense defined in the text) is
the equivalence whose classes are the cosets of an ideal. Consider the isomorphism
theorems of the text in the case of rings.

5. Verify that sets (without structure) can be regarded as the special case of Q-
algebras with = (. Interpret the factor theorem and the isomorphism theorems
for sets in this way.

6. Show that Z as a ring is a subdirect product of the fields F,, where p runs over all
primes. Do the same for F; where q = p" for a fixed prime and n =1,2.....



1.3 Free algebras and varieties 1

1.3 Free algebras and varieties

In order to study $2-algebras we shall need to form expressions in indeterminates,
just as polynomials in one or more indeterminates are used to study rings. Let
X = {x;,%....} be any set, our alphabet, usually taken to be countably infinite,
and Q any operator domain. We define an Q-algebra W(Q; X), the algebra of all
Q-rows in X, as follows: An Q-row in X is a finite sequence of elements in the set
QU X (where X is assumed disjoint from 2). The action of Q is by juxtaposition;
thus if w € Q(n) and u, ..., u, € W(Q; X), then the effect of w on the n-tuple
(uy. ..., uy,) is the row

Uil ... Uy,

Clearly X is a subset of W(2; X); the subalgebra generated by X is called the Q-word
algebra on X and is denoted by Wq(X). Its elements are Q2-words in the alphabet X.
For example, if there is one binary operation e, then x;xax;ax e is an Q-word,
while x,xax>ax; is an Q-row which is not an Q-word.

We shall need a simple test for finding which Q-rows are words. For this purpose
we associate two integers with each Q-row. The length of w € W(Q: X), written |w|,
is the number of terms in w; thus if w = ¢, ... cn, where ¢; € QU X, then |w| = N.

Secondly we define the valency of w as v(w) = Y, v(c;), where

1 if ¢, € X,

via) = [ 1—n if ¢ € Q(n).

Intuitively the valency represents the element-balance: thus if @ € Q(n), then w
requires an input of n elements and has an output of one element, so that
v(Q2) = output — input. This idea is exploited in the following result (due to Karl
Schroter and independently, Philip Hall), which provides a criterion for an Q-row
to be a word, using the notion of a prefix, i.e. a left-hand factor:

Proposition 1.3.1. An Q-row w = ¢, ...cx in X is an Q-word if and only if every
prefix w; = ¢, ... c, of w satisfies
viw,) >0 (i=1.2,....N), (1.3.1)
and
v(w) = 1. (1.3.2)
Moreover, each word can be obtained in just one way from its constituents.

Proof. We shall show more generally, by induction on the length [wl, that w is a
sequence of r words if (1.3.1) holds and

v(w) =r. (1.3.3)

This includes the assertion of the theorem for r = 1. When |w| = 1, (1.3.1) implies
that v(w) = 1, so w € X U ©(0), and conversely, so the result holds in this case; we
may therefore take |w| > 1.
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Suppose first that w is an Q-word, say w = u, ... 1, where u; € Wo(X) and
w e Q(n). By the induction hypothesis, v(u;) =1 and v(w)=1-n, so
viw) =n+1—n=1. Moreover, every prefix of each u; has positive valency,
hence the same is true of w. When w is a sequence of r words, (1.3.1) again holds
and (1.3.3) follows by addition.

Conversely, let w be an Q-row satisfying (1.3.1) and |w| > I, v(w) =r > 0. We
write w = w'c, where c € QU X and v(w') =r" > 0 by (1.3.1). By induction on
the length, w’ is then a sequence of r’ Q-words. Now either ¢ € X U ©(0), and
then w is a sequence of r'+ 1 words and v(w)=r"+1; or ¢ € Q(n), where
n >0, and then, since v(w)=r>0, we have r'+1—n=r >0, hence
n=r"+1—rand c is applied to the last n words of w’ to produce a single word,
so w is a sequence of r' — (n— 1) = r Q-words, as we had to show. This analysis
of w also shows that it is built up from its constituents in just one way. a

The uniqueness statement in Proposition 1.3.1 means that it is never necessary
to insert brackets, because each expression is defined unambiguously. To give an
example, let + be a binary operation. Then the associative law may be written

XX + x3+ = Xpx0x3 + +.
If A is a second binary operation, then the familiar distributive laws take the form
X1X2 + X3A = X1 XGAXXGA+, XXXy + A = X1X0AX A+ .

It is essential to write the operation symbols on one side of the variables, say on the
right, as has been done here. Equivalently the operation symbols can all be written on
the left (the Lukasiewicz prefix notation). But with the usual infix notation x; + x>
an ambiguity arises as soon as we form x| + x; + x;.

Let A be an Q2-algebra. If in an element w of W = Wq(X) we replace each element
of X by an element of A we obtain a unique element of A. For {w| = 1 this is clear, so
assume that |[w| > 1 and use induction. We have w = u; ... u,w(u; € W, w € Q(n)),
where the ; are uniquely determined once w is given, by Proposition 1.3.1. By
induction each u; becomes some a, € A when we replace the elements of X by
elements of A; hence w becomes a, ...a,w, another element of A. This remark
can be used to establish the universal property of the ©2-word algebra.

Theorem 1.3.2. Let A be an Q2-algebra and X a set. Then every mapping 6 : X — A
extends in just one way to a homomorphism 8* : Wo(X) — A.

Proof. Every Q-word is of the form w =c¢;...cn, where ¢; € QUX. We write
wb* = ¢ ...cy, where
o= { c ifceq.
cd ifceX.
Thus wé* is just the unique element of A obtained by replacing each x € X by x6.

The remark preceding the theorem shows that 6* is well-defined, and it is easily
seen to be a homomorphism extending 6, which is unique by Proposition 1.1.1. H
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The content of this theorem is also expressed by saying that W(X) is the free
Q-algebra on X as free generating set. Soon we shall meet free algebras in varieties
of algebras; the free groups encountered in BA Section 3.3, free modules of BA
Section 4.6 and the free associative algebras of BA Section 5.1 are examples.

Given any Q-algebra A, we can take a generating set X of A and apply the
construction of Theorem 1.3.2. This yields

Corollary 1.3.3. Any Q-algebra A can be expressed as a homomorphic image of an
Q-word algebra Wqo(X), for a suitable set X. Here X can be taken to be any set corre-
sponding to a generating set of A. a

The Q2-words may also be thought of as operations. Any word in x;,...,x, € X
(and elements of ©2) may be regarded as an m-ary operation, called a derived
operation. For example, in groups the commutator (x, y) = x 'y~ lxy is a derived
operation. The derived operations include the original operations w € €, in the

form x;...x,w, as well as m operations x;(i=1,.... m). They are the projection
operators

Xp .. X8 = X;. (1.3.4)
Moreover, we have a composition of operations: if fi....,f, are any words in
X|..... Xy and g is a word in n variables, then f;...f,g is a word in xy,....x,,
obtained by composition from fi.....f,. g

On any set A we can consider families of operations which include all projections
and are closed under composition. Such a family is called a clone of operations on A.
For example, if A is an $2-algebra we have the clone generated by €; this is the
smallest clone including €2 and is obtained by repeatedly composing the elements
of €2 and the projections.

In studying $2-algebras we are often not interested in the precise operations §2, but
merely in the clone they generate, and they may be replaced by any other set of
operations generating the same clone. For example, groups may be defined in
terms of a constant operation ¢ and the single binary operation xy !, or in terms
of e and the single ternary operation xy~ 'z, or even as a non-empty algebra with
the single binary operation xy ', besides the usual ways. This raises the question
of finding relatively simple sets of operations.

Consider first unary operations. An operation w : A — A will be called essentially
unary if it depends on at most one argument. More precisely, in terms of projections
this means that there is a unary operation f : A — A and i, 1 <i < n, such that
® = &,f. For example, each projection operator is essentially unary. It is not hard
to verify that the clone generated by any set of essentially unary operations consists
entirely of essentially unary operations. For an S-algebra this case arises when
Q= Q(0)UQ(1). Such algebras can also be characterized by the fact that the
union of any two subalgebras is again a subalgebra. This shows for example that
groups cannot be defined by unary operations alone (since the union of two sub-
groups is not usually a subgroup).
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The distinction between binary and higher operations is much less precise, for as
the next result, due to Wactaw Sierpiniski [1945] shows, every finitary operation can
be composed from binary ones.

Theorem1.3.4. Let A be a finite set. Then every finitary operation on A can be obtained
by composition of binary operations on A.

Proof. Suppose that |A| = n; we may without loss of generality regard A as the ring
of integers mod n, Z/n. The ring operations on Z/n are at most binary, so it will be
enough to show that every operation can be expressed in terms of the ring operations
and the §-function

1 ifx=r,

8e(x) = 1.3.5
) {0 ifx#r. ( :

This can be accomplished by a multivariable analogue of the Lagrange interpolation
formula: given f(xi, ..., xi), we have

fla om0 =Y flan .oady (x1) ... 8 (%), (1.3.6)

where the summation is over all k-tuples (a;. .. .. ag). It is of course important to
realize that the a; on the right of (1.3.6) are parameters, not variables; thus ax,
for any a € Z/n, can be built up from x by repeated addition and so is (for any
given a) a unary operation. [ |

The theorem still holds when A is infinite, but the proof in that case is quite
different and is based on the fact that there is then a bijection from A’ to A,
which can be used to reduce n-ary operations to binary ones (see Cohn (1981) and
Exercise 3).

When we come to define a concrete class of algebras such as groups, we do so by
specifying its operations: x4 binary, v unary and ¢ 0-ary. The axioms for groups in
terms of these operations take the form:

(associativity) X|XoMX3 = X|XoX3 LU, (1.3.7)
(neutral) XEU = EXU = X, (1.3.8)
(inverse) XXV = XVXU = €. (1.3.9)

Actually these laws as stated are redundant: parts of (1.3.8) and (1.3.9) follow from
the rest. This point is well known and does not concern us here.

We see that the axioms take the form of equations holding identically for all values
of the variables. Generally, by an identity or law over 2 in X we understand a pair
(u.v) € W2, or sometimes the equation formed from the pair:

U=, (1.3.10)

We shall say that the law (1.3.10) holds in the 2-algebra A or that A sarisfies (1.3.10)
if every homomorphism W — A maps u and v to the same element of A, in other
words, if 4 and v define the same derived operation on A.
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The relation between laws and algebras establishes a Galois connexion between the
set of all sets of laws in the given alphabet X and the class of all sets of $2-algebras.
Given any set > of laws, we can form ¥ o( Y _ ), the class of all 2-algebras satisfying
all the laws in ) . This class 7 () ) is called the variety generated by > . For
example, groups form the variety of (u, v. £)-algebras generated by (1.3.7)—(1.3.9).
Likewise rings form a variety, but fields do not. In the other direction we can
from any set 6 of Q-algebras form the set q(%) of all laws holding in all algebras
of . Now our Galois connexion relates each variety of Q-algebras to a correspon-
dence on Wq(X) of the form q(%).

For any class € of Q2-algebras its members will be called %-algebras. Our next task
will be to determine the precise form of the set q(%). A subalgebra of A is called fully
invariant in A if it is mapped into itself by all endomorphisms of A; this definition
also extends to congruences on A, as subalgebras of A%

Theorem 1.3.5. Let W = Wq(X) be the Q-word algebra on an infinite alphabet X.
Then the Galois connexion between Q-algebras and laws establishes a natural bijection
between varieties of 2-algebras and fully invariant congruences on W.

Proof. For any class ¢ of Q-algebras let ¢* = q(¥) be the set of all laws holding
in all % -algebras, and for any set > of laws let 3" " = ¥ 'o( }_ ) be the variety defined
by Y. We first show that % * is a fully invariant congruence on W. The congruence
properties are clear: in every % -algebra we have u = u for any u € W; if 1 = v holds,
then so does v = u, and if u = v, v = w hold, then 1 = w holds too. Further, if
u, =v(i=1, ..n) are laws holding in A € ¥ and w € Q(n), then u, ... u,w =
v ... v, holds in A. Now let (1. v) € € * and let & be any endomorphism of W. If
o W — A, where A € 4, is any homomorphism, then so is 6, whence utle = vfa.
Thus the law u6 = 18 holds in A, so (ut. v6) € %~ and this shows %* to be a fully
invariant congruence.
To complete the proof we have to show that

= (1.3.11)
for any variety 7 and
gt =g (1.3.12)

for any fully invariant congruence q on W.

By the definition of a variety, 7 =Y." for some > C -, hence
P =3 =3%"" = v, which proves (1.3.11). To establish (1.3.12), we take a
fully invariant congruence q on v and first show that

W/qeq . (1.3.13)

This will follow if we can show that all the laws corresponding to the elements of q
hold in W/q. Let (u.v) € q, let « : W — W/q be any homomorphism and denote
the natural homomorphism W — W/q by v. We shall define an endomorphism
a’ of W such that

wa'v=wa forall we W: (1.3.14)
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to do so we pick for each x € X an element x; € W such that xqv = xa and define
xo” = xo. By Theorem 1.3.2 the mapping @’ : X — W so defined extends to a homo-
morphism and (1.3.14) holds for all w € X; hence by Proposition 1.1.1 it holds
generally. Now q is fully invariant, hence (ua’,va’) € q and so uex = ua'v=
va'v = va, and this establishes (1.3.13).

To prove (1.3.12), we note that in any case ¢** 2 q. If (4, v) & g, then u = v is not
alaw in W/q, but W/q € g* by (1.3.13), and so (u, v) & g**. Therefore equality holds
in (1.3.12). a

Let € be a class of Q2-algebras. By a free ¢-algebra on a set X we understand an
algebra F in % with the following universal property: there is a mapping u : X — F
such that every mapping f from X into a $-algebra A can be factored uniquely by u
to give a homomorphism from F to A, i.e. there exists a unique homomorphism
f’: F — A such that

uf' =f. (1.3.15)

Remarks

1. If € contains non-trivial algebras, then w is an embedding. For, given a, b € X,
a # b, we can map X to a ¥-algebra by a mapping f such that af # bf; hence
by (1.3.15), au # bp.

2. If € admits subalgebras, then the free %-algebra F is generated by the image Xpu.
For otherwise we could replace F by the subalgebra generated by Xu; since F is
unique up to isomorphism, it must itself be generated by Xu. Thus Xu generates
F; it is called a free generating set.

3. If ¢ admits subalgebras, F is a free %-algebra on X and X' is a subset of X, then
the subalgebra of F generated by X' is the free €-algebra on X'. For this sub-
algebra is easily seen to possess the universal property.

Not every class has free algebras, but they exist in varieties, by our next result.

Proposition 1.3.6. Let 7~ be any variety of Q-algebras and q the congruence on
W = Wq(X) consisting of all the laws holding in ¢ . Then W/q is the free ¥ -algebra
on X.

Proof. By (1.3.13), W/q is a ¥ -algebra, so it only remains to verify the universal
property. Let us write v: W — W/q for the natural mapping. Given any mapping
f:X— A to a v -algebra, by Theorem 1.3.2 this extends to a homomorphism
f:W— A Given u,v e W, if u=v(mod q), then (4,v) is a law in 7" and so
holds in A, hence uf = vf. Thus q C ker f, and by the factor theorem there is a
homomorphism f': W/q — A such that f =vf . If p: X — W is the injection,
we have f = uf = pvf’, and f' is unique, since it is given on a generating set of
W/q. Thus W/q satisfies all the conditions for a free 7 -algebra. [ ]
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There is another way of forming free algebras, which leads to a useful criterion,
due to Garrett Birkhoff, for a class of algebras to be a variety.

Theorem 1.3.7. Let 6 be a class of Q2-algebras; 6 is a variety if and only if it is closed
under the operations of taking subalgebras, homomorphic images and direct products.

Proof. The necessity of the conditions is easy to check; given any Q-algebra A, it is
clear that any subalgebra and any homomorphic image of A satisfy all the laws hold-
ing in A. Moreover, if a law holds in every member of a family of 2-algebras, then it
also holds in their direct product. This shows that every variety satisfies the given
conditions.

Conversely, let % be a class of Q2-algebras closed under subalgebras, homomorphic
images and direct products. Then % contains the trivial algebra (as the direct product
of the empty family). If there are no other algebras in %, then we have the variety
defined by the law x; = x,. So we may now assume that % contains a non-trivial
algebra. We can form a free %-algebra on a given set X as follows. Consider the
set of all €-algebras with a generating set of cardinal not exceeding that of X.
Take all mappings f, : X — A,, where A, is a %-algebra and Xf, a generating set
of Ay, and in the direct product P = [] A, consider the subalgebra F generated by
the elements (xf,), x € X. As a subalgebra of the direct product, F is again in €.
We claim that F satisfies the universal property relative to the mapping
i 2 xi— (xf,). For if f : X — A is any mapping to a %-algebra A and A’ is the sub-
algebra generated by Xf, then the restriction f |A" coincides with some f, and so A’ is
a homomorphic image of F, the mapping F — A’ being the projection on the appro-
priate factor. Hence we have a homomorphism f': F — A such that f = uf’and f’
is unique since it is prescribed on a generating set of F. Thus F is the free % -algebra
on X.

Clearly we have

6 C 6, (1.3.16)

and it remains to prove equality. Let ¢ = %~ be the set of all laws holding in €. By
Proposition 1.3.6, the free % -algebra is W/q. If A € % **, we can write A as a homo-
morphic image of W, for an appropriate X, say f : W — A. By the definition of
%* = q7, A satisfies all the laws of g, hence f can be factored by g; thus A is a homo-
morphic image of W/q, the free %-algebra on X, and A is therefore itself a ¢-algebra.
Hence equality in (1.3.16) is established. [ - |

We have already remarked that rings and groups are examples of varieties. We
now see that fields (commutative or not) do not form a variety, since they do not
admit direct products; for if E, F are any fields, their direct product E x F as a
ring has zero-divisors and so cannot be a field.
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Exercises

1. Show that if some operation symbols are written on the left and others on the
right of their arguments, then ambiguities can arise.

. Let w=1¢,...cy be an Q-word of the form u;, . u,w(uy, € W,w € Q(n)).
Show that any proper subsequence cicj . ...c, where j—i < N — 1, which is
itself an Q2-word, can only occur within a single factor .

3. Assuming a bijection u : A® <> A between a set A and its Cartesian square A?,
show that every n-ary operation w on A can be expressed in terms of the
binary operation u and a suitable unary operation.

4. Verify that the set of all essentially unary operations on a set is a clone. Deduce
that any operation derived from essentially unary operations is again unary.

5. Let A be any Q-algebra, X a set and for each x € X, let §,: A* — A be the
projection on the x-th factor. Show that the subalgebra of the direct power
A" generated by all the 8,(x € X) is the free algebra on X for the variety
generated by the algebra A (i.e. the least variety containing A).

6. Show that modular lattices form a variety. Similarly for distributive lattices, and
Boolean algebras.

7. Show that groups may be defined in terms of the operation xya = xy ~ ! as non-
empty algebras satisfying xzayzea = xyo, xxayyayaa = y. Show that abelian
groups may be defined by xxyoe = y, xyeza = xzaya.

8. Show that any variety of groups defined by a finite set of laws can also be defined
by a single law.

9. Show that the automorphism group of Wq(X) is isomorphic to the group of all
permutations of X.

10. Let 7 be a variety of S2-algebras and F the free 7 -algebra on a set X. Given a
homomorphism f: A — B between ¥ -algebras which is surjective, and a
homomorphism 6:F — B, find a homomorphism #':F— A such that
# = 6’f. (Hint. See the proof of Theorem 1.3.5.)

(8]

1.4 The diamond lemma

In many algebraic problems the elements of a set are defined as equivalence classes of
formal expressions, where two expressions are considered as equivalent if one can
pass trom one to the other by a series of ‘moves’. The problem is to decide when
two expressions are equivalent. For example, the elements of a particular 2-algebra
A are given by Q-words in a generating set; the defining relations in A allow the
passage between certain words and we have to decide when two given words repre-
sent the same element of A (the word problem for A).

The situation may be represented by a graph as follows: the vertices of our graph
are the different formal expressions, and each move, from u to v say, is represented
by an edge from u to v. Now the equivalence classes are the connected components of
our graph. Frequently the moves are of two sorts: direct moves (e.g. in a group,
removing a factor xx ~') and their inverses (inserting a factor xx ' in a certain
place); this means that we have a directed graph. An expression is reduced if it
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admits no direct moves and the main result of this section, the diamond lemma, gives
conditions under which each equivalence class contains a single reduced expression.
The conditions are of a form that frequently applies, and it leads to a simple solution
of our problem: To test if two expressions are equivalent we apply direct moves until
each is in reduced form; if these reduced forms are equal, then and only then are the
two expressions equivalent.

Lemma 1.4.1 (Diamond lemma, M. H. A. Newman [1942]). Let A be a set with an
equivalence relation defined on it by moves as above, such that the following conditions
are satisfied:

(i) Finiteness condition. For each u € A there exists an integer r = r(u) such that no
chain of direct moves applied to u has more than r terms.

(i1) Confluence condition. If u € A can be transformed to x by one direct move and to y
by another, then there exists v € A which can be reached from each of x, y by an
appropriate series of direct moves.

Then each equivalence class of A contains exactly one reduced element.

Proof. By (i) we can from each element of A reach a reduced element by a finite
series of direct moves, so each equivalence class contains a reduced element. Given
u € A, suppose that we reach a reduced element a in m moves, passing through
the elements u = ay,a,..... a, =a and that u=by. by,....b, =b is another
such chain leading to a reduced element b in n steps; we have to show that a = b.
By (ii) we can reach a common element ¢, by direct moves applied to a, or to b,
and by direct moves applied to ¢; we reach a reduced element ¢. We shall use induc-
tion on the least value of r(u). Clearly r(a,) < r(u), hence by induction we have
¢ = a, and similarly ¢ = b, therefore a = b, as claimed. a

A typical application is the existence proof of a normal form for the elements of a
free group (see Exercise 4 and Chapter 3). For a discussion of the applications to
rings, with many illuminating examples, see Bergman {1978].

Exercises

1. In Lemma 1.4.1(ii) assume that if u is transformed to x by one direct move and to
y by another, where x # y, then there exists v € A which can be reached from each
of x, y by just one direct move. Show that all reduction chains from a given
element to a reduced element have the same length. Show that the extra condition
cannot be omitted.

2. (M. H. A. Newman) Show that the conclusion of Lemma 1.4.1 still applies if (ii)
holds but instead of (i) we have merely the minimum condition: no element
admits an infinite succession of direct moves. (Hint. Repeat the construction in
the proof of Lemma 1.4.1 and use the minimum condition.)

3. Let A be a ring with an endomorphism «. Show that in the ring R generated by A
and a symbol x satisfying ax = xa® for all a € A, every element can be uniquely



20 Universal algebra

written as a polynomial in x : 3" x'a; (a, € A), and hence that A is embedded in R
(see Section 7.3 below).

4. Let X, X' be disjoint sets with a bijection x <> x’ between them. Write
Z=XUX' and on the set Z* of all strings of letters from Z (including the
empty string 1) define a product by juxtaposition (this is just the free monoid
on Z, see Section 11.1 below). Define direct moves as the replacement of fxx'g
or fx'xg by fg and their inverses as inverse moves. Apply the diamond lemma
to deduce the existence of a normal form for the elements of a free group (see
Section 3.5 below).

5. Let S be a semigroup (system with an associative multiplication) without idem-
potent (i.e. x* # x for all x € S) and satisfying

ua=ub=>va=vb forall u,v,a bes. (1.4.1)

By adjoining formal solutions of the equations
xa=b abes. (1.4.2)

show that S can be embedded in a semigroup in which (1.4.2) has a solution for
all a, b. (Hint. Adjoin a new symbol p to S and consider all words in SU {p} with
direct move pa — b. Verify the conditions of Lemma 1.4.1 and show that distinct
elements of S cannot be equivalent. Now show that the resulting semigroup again
satisfies (1.4.1) and repeat the process (see Cohn [1956]).)

1.5 Ultraproducts

Let us again consider the direct product construction. Given a direct product
P =[] A of Q-algebras, we have seen that if a law 1 = v holds in each factor A,
then it holds in the product. On the other hand, consider the statement occurring
in the definition of a field:

for all a # 0 there exists a’ such that aa’ = 1. (1.5.1)

This may well hold in each factor A; and yet fail to hold in the direct product, as we
see by taking the direct product of two fields; the element (1. 0) is different from 0
but does not have an inverse.

In order to remedy the situation we introduce certain homomorphic images of
direct products, called ultraproducts, which have the property that every sentence
of first-order logic which holds in all the factors, also holds in the product. For a
complete proof we would need a detailed description of what constitutes a sentence
in first-order logic, i.e. a sentence without free variables, and in which all quantifica-
tions are over object variables (an ‘elementary sentence’), and this would take us
rather far afield. However, the construction itself is easily explained and has many
uses in algebra. We describe it below and refer for further details to Bell and Slomson
(1971), Barwise (1977) and Cohn (1981).

We shall need the concept of an ultrafilter. Let I be a non-empty set. By a filter on
I one understands a collection .# of subsets of I such that
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Flle# OJ¢F,
F2if X.Ye #,then XNY € #,
F3ifXe€# and XCX C1I, then X € .7.

For example, given a subset A of I, if A #£ (7, then the set of all subsets of I contain-
ing A is a filter, called the principal filter generated by A. More generally, if (A;) is any
family of subsets of I, then the collection of all subsets containing a set of the form

A, N...NA, (1.5.2)

forms a filter, provided that none of the sets (1.5.2) is empty. This condition on the
A; is called the finite intersection property. Thus any family of subsets of I with the
finite intersection property is contained in a filter on I. Such a family is also called
a filter base.

An ultrafilter on [ is a filter which is maximal among all the filters on I. An alter-
native characterization is given by

Lemma1.5.1. A filter & on I is an ultrafilter if and only if for each subset A of I, either
A or its complement A" belongs to F.

Of course A, A" cannot both belong to .#, because then % would contain
F=ANA"

Proof. Let # be an ultrafilter. If A ¢ 7, then by F.3, no member of # can be con-
tained in A and so each member of & meets A’. It follows that the family of all sets
containing some F N A'(F € %) is a filter containing %, but then it must equal # by
maximality of the latter, so A" € #. Conversely, if for each A C I, either A or A’
belongs to %, consider a filter #, D % and B € # \#. By assumption, B’ € #
and so ¢ = BN B’ € #, which is a contradiction. O

The existence of ultrafilters is clear from Zorn’s lemma:

Theorem 1.5.2. Every filter on a set I is contained in an ultrafilter.

Proof. Let .# be a filter on ] and consider the set of all filters containing % . This set
is easily seen to be inductive, hence it has a maximal member, which is the required
ultrafilter. a

For example, the principal filter generated by a one-element subset is an ultrafilter.
When [ is finite, every ultrafilter is of this form, but for infinite sets we can always
find non-principal ultrafilters as follows. Let I be an infinite set and call a subset
cofinite if it has a finite complement in I. The collection of all cofinite subsets of I
clearly has the finite intersection property and so is contained in an ultrafilter,
and the latter is easily seen to be non-principal.

We shall use filters to construct certain homomorphic images of direct products.
Let A;(i € I') be a family of Q2-algebras and let # be any filter on the index set I.
Then the reduced product

l_[A,/.7 (1.5.3)
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is the homomorphic image of the direct product P = [] A;, defined by the rule:
forany x,y e P.x=y & {i e l|lxm; = ym;} € 7, (1.5.4)

where 7; is the projection on A,. Let us call a subset of I #-large if it belongs to 7.
Then the definition states that x = y iff x and y agree on an F-large set. We have to
verify that we obtain an Q-algebra in this way, i.e. that the correspondence defined on P
by (1.5.4) is a congruence. Reflexivity and symmetry are clear and transitivity follows
by F.2. Now take w € Q(n) and let x, = y.(v=1,..., n), say x, and y, agree on
A. € #. Then A\N...NA, €.# and on this set x)...x,0w and y| ... y,w agree.
Thus we have

Theorem 1.5.3. A reduced product of Q-algebras is an Q-algebra. a

More generally this holds for any 7 -algebra, where ¥ is a variety, because the
reduced product is a homomorphic image of a direct product.

A reduced product formed with an ultrafilter is called an ultraproduct, or ultra-
power if all factors are the same. Now the ultraproduct theorem for Q-algebras
asserts that an ultraproduct []A;/# of Q-algebras formed with an ultrafilter .# is
again an 2-algebra; moreover, any elementary sentence holds in the ultraproduct
precisely if it holds in each factor A, for 7 in an .% -large set. As already indicated,
we shall not prove the full form, but merely a special case, which illustrates the
method and which is sufficient for our purposes.

Theorem 1.5.4. Any ultraproduct of skew fields is a skew field.

Proof. Let D;(i € I) be a family of skew fields and K = [| D,/# their ultraproduct,
formed with an ultrafilter # on I. By Theorem 1.5.3 and the remark following it, K is
aring. Let a € K and suppose that a # 0. Taking a representative (a;) for a in [] D;,
we have

J={iella, =0} &.F#, (1.5.5)

because a # 0. Therefore its complement ]’ belongs to .# by Lemma 1.5.1 and we
can define b, by

b__[al‘l ifie]’.
e ifie].

Let us denote the image of (b,) in K by b. Since a,b, = bja; = 1 fori€ ] and ]’ € .#,
we find that ab = ba = 1. Hence every non-zero element of K has an inverse and so
K is a skew field, as claimed. a

[t is instructive to take a reduced product and see where the proof fails; it was for
(1.5.5) that we needed the property of ultrafilters singled out in Lemma 1.5.1.

To illustrate Theorem 1.5.4 and the ultraproduct theorem mentioned earlier, let
us take a sentence W in the language of fields and suppose that we can find fields
of arbitrarily large characteristic for which W holds. Then W also holds in their ultra-
product, and this will be of characteristic 0, if it was formed with a non-principal
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ultrafilter. For suppose that k, is a field of characteristic p;, where p; < p» < ... and
p, = o¢ as i — oc. Then the sentence

e, 1+14...+1=0
‘—\‘———-/

"

holds in only finitely many of the k; for each n, and hence its negation =®,, holds in
their ultraproduct; this shows the latter to be of characteristic 0. Since W holds in
each k,, it also holds in the ultraproduct. Thus we have

Proposition 1.5.5. An elementary sentence which holds in a field k; of finite character-
istic p;, where the p, are unbounded, also holds in certain fields of characteristic 0. &

For example, consider the statement: every non-degenerate binary quadratic form
is universal. This may be stated as

VYa b.c3x y[a#0Ab#0= ax + by =c].

It holds for all finite fields of characteristic not two (see BA, Section 8.2); hence it
also holds in certain fields of characteristic 0.

As a second illustration we observe that a field of characteristic p may be defined
by the sentence ‘=®, A ®,’. Hence a field of finite characteristic is defined by the
‘infinite disjunction’

=P, APV IV OV

This is not an elementary sentence as it stands. But we can assert further that it is not
equivalent to any set of elementary sentences. For if it were, it would hold in all fields
of finite characteristic and hence also in some fields of characteristic 0, which is
clearly not the case.

Exercises

1. Show that any ultrafilter which includes a finite set must be principal.

2. Let A be an infinite set. Show that for every non-empty subset B of A there is an
ultrafilter # 5 including B. What is the condition on B for .# 5 to include all cofi-
nite subsets?

3. Let Ibe a set and #(I) the Boolean algebra of all subsets of I (see BA, Section 3.4).
Defining ideals of Boolean algebras as inverse images of 0 in homomorphisms,
show that a filter on I is just the complement of a non-zero ideal in #(I).
Which ideals correspond to ultrafilters?

4. Show that any formula ®(x) holds in an ultraproduct []A;/# iff it holds in
all the factors A, for an .# -large set of indices. (Hint. Verify that the formulae
for which this is true include all atomic formulae and are closed under
V, A,—.VY.3. Hence the result holds for sentences, i.e. formulae without free
variables.)

5. (Compactness theorem of model theory) Let .7 be a set of elementary sentences
about $2-algebras. Show that if each finite subset P of 7 has a model (i.e. there is
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an algebra in which each sentence of P holds), then 7~ has a model. (Hint. For
each P C .7 take a model Ap and form a suitable ultraproduct of the Ap)

6. Show that an integral domain R which is embeddable in a direct product of skew
fields is embeddable in a skew field. (Hint. Let K, (i € I') be the family of skew
fields and for c € R* let I, be the set of indices i for which ¢ is inverted in K;.
Verify that the I, form a filter base.)

1.6 The natural numbers

In a first approach to mathematics one usually takes the natural numbers for
granted, but for a rigorous development it is necessary either to provide an axiomatic
foundation for the natural numbers, or to deduce their properties from some other
domain such as set theory. The latter alternative would of course make it necessary to
include an axiomatic foundation of set theory and this would involve us far deeper in
foundational questions than is appropriate here. Such a study would occupy a whole
volume by itself and would not greatly help us in our understanding of algebra.
We shall therefore confine ourselves to a derivation of the properties of the natural
numbers from the Peano axioms and a brief discussion of their significance, as well
as their relevance to algebra. As we shall see, the framework of universal algebra is
particularly appropriate for this purpose.

We begin by writing down a system of axioms for the natural numbers. This is not
so much to give a rigorous foundation as to make explicit the properties of numbers
we are using. The notions of set theory will be used freely, in the intuitive form intro-
duced in BA. We shall also use individual numbers (e.g. to label the axioms) without
hesitation; no axioms are needed for the numbers up to 12, or for that matter up to
10'%. The purpose of the axioms is to allow us to deal with the set of all numbers.

The axioms, as stated essentially by Giuseppe Peano in 1889, are:

N.1 1 is a natural number.

N.2 Every natural number n has a successor n', which is again a natural number.
N.3 1 is not the successor of any number.

N.4 Distinct numbers have distinct successors: m #n = m' # n'.

N.5 (Principle of induction) A set of numbers containing 1 and with each number its
successor contains all numbers.

The set of all natural numbers will be denoted by N. We can think of N as an algebra
with a single unary operation, the successor function x 1— x'. Let us call an algebra with
a single unary operation an induction algebra. By N.2, N is an induction algebra;
moreover it is generated by the single element 1, by N.5. To elucidate the structure
of N we begin with a general lemma on induction algebras.

Lemma 1.6.1. Let A be an induction algebra. Then the subalgebra B generated by an
element b of A consists of b and successors of elements of B.

Proof. The set B, consisting of b and successors of elements of B is contained in B; it
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contains b and the successor of any element of B; and so is a subalgebra. Since B is
the least subalgebra containing b, it follows that B) = B, as claimed. a

For example, if we take A = N, b = 1 and remember N.5, we see from the lemma
that every number different from 1 is the successor of a number. Thus if n # 1, then
there is a number which we shall denote by n — 1 such that (n — 1)’ = n. By N.4,
n — 1 is uniquely determined by n; it is called the predecessor of n.

For any n € N we denote by [n| the subalgebra generated by n.

Lemma 1.6.2. For all n € N, we have n ¢ [n'|.

Proof. Let us first show that
n' #n. (1.6.1)

For n =1 this holds by N.3; if it holds for any n # 1, then it holds for n' by N.4,
hence it holds for all », by induction (i.e. N.5}.

Now by Lemma 1.6.1, [1'} consists entirely of successors of numbers, whereas 1 is
not a successor, hence 1 & {1']. Suppose now that n ¢ [n'| but that n" € [n"|. By
(1.6.1), n" # n", so n’ must be the successor of an element in {#”|; but this can
only be n (by N.4),so n € [n”| and [n"| C [n'|, therefore n € [n'], which contradicts
the hypothesis. By induction we conclude that n ¢ [n'{ for all n. - ]

Let us write |n] for the complement of {n’| in N. By Lemma 1.6.2, n € |n}; the
elements of [n] other than n will be called the antecedents of n. When n # 1, they
clearly include the predecessor n — 1 of n. With these preparations we can prove a
result on which the box principle is based.

Theorem 1.6.3. Let m. n € N. There is an injective mapping from {m] to |n] if and only
if Im] C |n). Further there is a bijection between |m] and |n] if and only if m = n.

Proof. If |m] C |n], then the inclusion mapping is the required injection, and for
m = n this is a bijection. Conversely, assume that f : jm] — |n] is an injective map-
ping; we must show that |m] C |n]. When m = 1, then since 1 € [n'|, we have
1 € |n] and so |1] C |n]. We may therefore assume that m # 1 and use induction
on m. Since m #1, there is a predecessor m —1; we define a mapping
g |m—1] — |n] by the rule

ke — kf if kf # n,
&= mf if kf = n.

To check that this is a well-defined mapping we note that there is at most one
number k such that kf = n, because f is injective. Denote this number by kg; if
ko = m or ky is not defined (because the image of f does not include #n), then g is
just f restricted to |m — 1}. Otherwise g differs from f only at k, and there it has
the value mif which it assumes nowhere else, for the domain of g does not include
m. Thus g is well-defined; moreover g is injective and it does not assume the value
n. It follows that n 7 1 and that g is an injective mapping from |m —1] to
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|n — 1}. By the induction hypothesis, |m — 1] C |n — 1]; taking successors on both
sides, we obtain |m] C |n].

If there is a bijection between |m] and |n], we conclude that |m] = |n] and there-
fore m = n, because n is the unique member of |n] without a successor. - |

A set S is called finite if there is a bijection between S and |1}, for some 17 € N.
By what has been said, there can be at most one such n and this is called the
cardinal of S. Thus for any finite set there is a natural number which is its cardinal.

Theorem 1.6.3 leads to the familiar ordering of the natural numbers: we write
m < n to mean that m is an antecedent of n, or equivalently, |m] C |n]. It is clear
that this relation is reflexive and transitive, and by the last part of Theorem 1.6.3
we see that m < n, n < m implies m = n. Thus we have a partial ordering. From
the definition it is clear that m < n implies m’ < n’ and it is easy to show that
‘<’ is a total ordering. Given m,n € N, if m = 1, then clearly m < n; similarly if
n=1, then n < m. Now if m.n # 1, we can form m — 1, n — 1 and by induction
either m—1<n—1or n—1 < m— 1. Taking successors we find that m < n or
n < m. We shall also adopt the usual notation of writing m <# or n> m to
mean ‘m < n but m # »’ and m > n to mean 1 < m.

In contrapositive form Theorem 1.6.3 shows that if #1 & |n], so that m > n, then
there can be no injective mapping from {m] to |n]. In particular, taking
m=n'( =n+ 1), we see that when n’ objects are distributed over n boxes, at
least one box contains more than one element. This is just Dirichlet’s Box Principle,
already encountered in BA, p.2, where it was stated without formal proof.

The natural numbers have another property not shared by all ordered sets; they are
well-ordered, i.e. every non-empty subset of N has a least element. Given (§ C S € N,
let T be the set of numbers m such that m < n for all n € S. Clearly 1 € S; we claim
that there is a number a € T such that a’ ¢ T. For if a° € T for all a € T, then by
induction T = N and $ must be empty, a contradiction. Hence there exists a € T
such that a’ € T and it follows that a is the least number in S, since a < n for all
n e S, and a € S since otherwise a’ € T. This proves

Theorem 1.6.4. The set N of natural numbers is well-ordered. [ |

Our next task is to establish a universal property of N, which forms the basis of the
process of definition by recursion.

Theorem 1.6.5. N is the free induction algebra on 1. Thus if A is any induction algebra
and a € A, there is a unique homomorphism a : N — A such that la = a.

Proof. In detail the assertion states that A is a set with a single unary operation
x1—x', and given a € A, there is a unique mapping x i— xa from N to A such that

le =a, x'o=(xx) forall xeN. (1.6.2)

By Proposition 1.1.1 there can be at most one such mapping. To prove its existence
we form the direct product N x A; this is again an induction algebra, with the opera-
tion (x.y) = (x.3'). Let H be the subalgebra of N x A generated by (1. a); further
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denote by p, 4 the projection mappings of N x A on the factors N and A respectively,
and by py, q; their restrictions to H.

The image of H under p, is a subalgebra of N containing 1, and hence is N itself,
by N.5. Thus for each x € N,

there exists y € A such that (x.y) € H. (1.6.3)

We claim that for each x € N there is exactly one such y. For by Lemma 1.6.1, H
consists of (1, a) together with successors of members of H. Any successor is of
the form (x’, y'); here the first component is different from 1, by N.3, so the y deter-
mined in (1.6.3) by x = 1 is unique. Let N| be the subset of all x € N occurring as the
first component of just one member of H, i.e. for which the y € A obtained in (1.6.3)
is unique. As we have seen, 1 € Ny; if we can show that N, contains with each
element its successor, it will follow from N.5 that N, = N.

Let x € N, and suppose that y,. 3~ € A are such that (x',y,) € H(i = 1.2); we
have to show that y, =y.. Since x'# 1, (x'.y) is a successor in H, say
(x'.yi) = (. v;) = (u,. v}), where (11, v;) € H. Equating first components, we find
x'=u)=ub and by N4, x =u, = u,, ie. (x.v;) € H for i=1,2. But xe N,
and this means that 1} = v,; hence v} = v} and so y; =,, as we had to show.
Therefore x’ € Ny and by N.5 we conclude that N, = N.

We have now shown that for each x € N there is a unique y € A such that
(x,y) € H. Writing xa for y, we find that la = a, x'a = (xa), so (1.6.2) holds
and the proof is complete. [ |

Functions on N are frequently defined recursively, for example the sum of the
squares of the first n natural numbers may be defined as the function g : N - N
such that

gy =1.gn+1)=gn+(n+1).
It may appear intuitively obvious that this defines a function, but this needs to be
proved. The basic reason is that N is the free induction algebra on 1, as we shall
now see. The statement in Theorem 1.6.6 is a little more general, but the proof
begins with the case exemplified above.

Theorem 1.6.6. Given a € N and any function from N to N, there exists a unique func-
tion ¢ from N to itself, satisfying the equations:

o) =a, p(n’) = f(n g(n)). (1.6.4)

Proof. Suppose first that fis independent of its first argument. Then we have to find
¢ : N — N to satisfy

(1) = a. p(n’) = flp(n)). (1.6.5)

In this case the result follows immediately from Theorem 1.6.5, taking A there to be
the set N with f as its successor function.
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In the general case we take A = N- with successor function
(x, )= (x', f(x, ),

and apply Theorem 1.6.5 with the element (1. a) in place of a. We obtain a mapping
¢: N — N7 if its projections on the factors are ¢, and ¢, then ¢ (1) =1,
@1(n') = n’, hence ¢ (x) = x for all x € N, and now

0a(1) = a. g2(n’) = f(n, g2(n)).
Thus ¢ is the required function. a

This result emphasizes the difference between ‘proof by induction’ and ‘definition
by recursion’. Whereas the former embodied N.5, the latter also relies on N.3, N.4,
and a further argument (such as that leading to Theorem 1.6.6) is needed to prove it.
From the algebraist’s point of view the situation can be summed up by saying that
a proof by induction depends on the fact that N, as induction algebra, is generated
by 1, whereas the method of definition by recursion depends on the fact that N is
generated freely by 1.

As an application let us see how Theorem 1.6.6 may be used to define addition and
multiplication on N. Given a € N, there is a mapping «, : N — N such that

lo, =a’. x'o,=(xw,).
If we write a 4 x in place of xa,, these equations take on a more familiar form:
a+1=a', a+x =(a+x). (1.6.6)

From this definition it is easy to prove the associative and commutative laws of
addition:

(a+b)+c=a+ (b+0). (1.6.7)

a+b=>b+a. (1.6.8)

We shall prove (1.6.7) as an example and leave (1.6.8) to the reader. For ¢ =1,
(1.6.7) reduces to (a+b)+1=a+(b+1), ie. (a+b) =a+b’, which is true
by the definition (1.6.6). If we assume that (1.6.7) holds for c¢=n, then
(a+b)+n" =[(a+b)+n] =la+b+n)] =a+b+n"=a+(b+n), by
(1.6.6) and the case ¢ = n. Hence (1.6.7) holds for ¢ = n’, and so by induction it
holds for all n.

Similarly we can define multiplication by constructing for each a € N, a mapping
fa N — N such that 1y, = a, x'u, = xu, +a. The existence and uniqueness
follow again from Theorem 1.6.6, and we write as usual xu, = ax, so that the defini-
tion takes the form

al =a.alx +1)=ax+a. (1.6.9)

The associative and commutative laws can again be proved without difficulty, as well
as the distributive law. If we adjoin a new element, denoted by 0, to N, to satisfy
a+0=a,a0 =0, we have a monoid under addition and the usual procedure for
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embedding a commutative cancellation monoid in a group enables us to embed N in
a group, which is the additive group of integers Z. All that is needed is a proof of the
cancellation law: a + ¢ = b+ ¢ = a = b; this presents no difficulty and may be left
to the reader. Now the multiplication on N can easily be extended to the set Z of all
integers and the distributive law verified; thus we have obtained a ring structure on
Z. 1t is also not difficult to extend the ordering of N to Z; it is still preserved under
addition but only under multiplication by a positive number (i.e. an element of N).

Let us consider the Peano axioms from the point of view of first-order logic. We
remark that N.1-N.4 are elementary sentences, whereas N.5 is not. Without going
into detail this can be explained by saying that when expressed formally, N.5 involves
quantification over sets of numbers and not merely numbers. It is easy to give
examples of structures other than N which satisfy N.1-N.4. For example, take the
set T consisting of the disjoint union of two induction algebras, T, isomorphic to
N and T, isomorphic to Z. Then T satisfies N.1-N.4, though of course not N.5.

This leaves open the question whether it may not be possible to replace N.5 by
elementary sentences, so as to characterize the natural numbers by elementary
sentences alone. This question can be answered negatively by forming an ultrapower
I of N with a non-principal ultrafilter. By the ultraproduct theorem (see Theorem
1.5.3 and the remarks following it), [ is again an induction algebra and satisfies all
the elementary sentences holding in N, but I is not isomorphic to N, because it is
again totally ordered, by the rule: x <y iff x, <, for all components in a large
set, but unlike N it is not well-ordered. To see this, we consider the sequence
a, = (a,,) of elements of I, where a,,, = 1 and for r > 1,

[ [_lf(ﬂr,n + 1)]

where [x] denotes the greatest integer <x. Thus a; =(1.2,3.4....),
a»=(1.1.2,2,3,3.4.4....), a5 =(1.1.1,2,.2,2,3,3,.3....) etc. This is an infi-
nite strictly descending sequence, because the set {n € N|a, .., > a,,} is finite, for
r=1,2...., and it shows incidentally that being well-ordered is not an elementary
property.

An induction algebra A satisfying the same elementary sentences as N is said to be
elementarily equivalent to N, or also a model of N; if A is not isomorphic to N, it is
called a non-standard model. Such non-standard models of N allow one to introduce
‘infinite’ numbers, just as a non-standard model of the real numbers R may contain
‘infinitesimal’ numbers. Non-standard analysis is a powerful tool with many appli-
cations, but it lies outside the scope of this work (see e.g. Robinson (1963), Stroyan
and Luxemburg (1976), Barwise (1977)).

Exercises

1. Prove the commutative law of addition in N.

2. Prove the associative and commutative laws of multiplication, the distributive law
and the cancellation law in N.

3. Give a direct proof that an induction algebra generated by a single element 1 satis-
fies either N.3 or N.4.
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Show that in any induction algebra the union of two subalgebras is again a sub-
algebra.

Let f be the function on the non-negative integers, defined by f(0) =0, f(x") = x.
Describe the function g(x, y) defined by g(x.0) = x, g(x,y') = f(g(x, ¥)).
Define the natural ordering on Z in terms of the ordering on N and prove its
compatibility with addition and multiplication by positive numbers.

Show that there is no total ordering on Z/m, the set of integers mod m, preserving
addition and multiplication.

Use Theorem 1.6.3 to give a proof that N is not finite.

Give a direct proof by induction that there exists no surjective mapping from |m]
to |n] if m < n.

Further exercises for Chapter 1

1.

!‘)

Let ¥ be a variety of Q-algebras and assume that there is a 7 "-algebra C whose
carrier is finite with more than one element. Let F, be the free 7 -algebra on an
n-element generating set; by establishing a correspondence between C" and
homomorphisms from F, to C, show that any generating set of F, has at least
n elements. Deduce that F,, and F, are not isomorphic when m # n.

Show that the free distributive lattice on three generators has 18 elements. (Hint.
Form the different expressions in x;, x». x3; try cases of one and two generators
first.)

Show that the free distributive lattice with 0, 1 on n free generators is 2*".
Define N as an algebra with the single unary operation A by the rule

-1 ifn>1.
nk:{n | n
1 if n=1.

Show that any non-trivial homomorphic image of N is isomorphic to N, but that
N is not simple.

Let p, be the number of equivalence relations on a set of n elements. Obtain the
following recursion formula for p,:

n
PY’L]ZZ(I')PP P():l-

1

Show also that > p,x"/n! = exp [(expx) — 1].

. (G. M. Bergman) On an infinite-dimensional vector space V, define a filter of

subspaces as a set of subspaces of V satisfying F.1-F.3, (where F.1 now reads:
Ve #,0¢F), and define an ultrafilter again as a maximal filter. Show that
if .# is an ultrafilter, then every subspace of 7 either lies in .# or has a com-
plement in %. Let .o/ be the set of linear maps V — V which are ‘continuous’,
i.e. the inverse image of an .# -space is an . -space, and let .1 " be the set of maps
with kernel in .#. Show that . 1 " is an ideal in «/ and that .o//.1" is a skew field.

. A ring R is called prime if R# 0 and aRb =0 implies a =0 or b =0 (see

Chapter 8 below). Show that an ultraproduct of prime rings is prime, but an
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ultraproduct of simple rings need not be simple. Is an ultrapower of a simple
ring necessarily simple? What about 9,(K), where K is a skew field?

Let k be a field and & an ultrafilter on N. Show that there is a monoid homo-
morphism []9M,(k)/& — kN/%, whose kernel is an ideal.

For any set S denote by {S} the set whose single member is S (as usual). Let M be
the induction algebra generated by (¥ in this way, with successor operation
S" = SU{S)}. Show that M satisfies N.1-N.5 with & in place of 1.

. Use Theorem 1.6.5 to define exponentiation on N by a' = a, a’ = a.a". What

goes wrong if we try to define this operation on Z/m?






Homological algebra

The present chapter serves as a concise introduction to homological algebra. Only
the basic notions of category theory (treated in BA) are assumed. The definition
of abelian categories (Section 2.1) and of functors between them (Section 2.2) is
followed by an abstract description of module categories in Section 2.3. A study of
resolutions leads to the notion of homological dimension in Section 2.4; derived
functors are then defined in Section 2.5 and exemplified in Section 2.6 by the
instances that are basic for rings, Ext and Tor. Universal derivations are used in
Section 2.7 to prove a form of Hilbert’s syzygy theorem.

2.1 Additive and abelian categories

We have met general categories in BA, Section 3.3, but most of the instances have
been categories of modules or at least categories with similar properties. For a general
study we shall therefore postulate the requisite properties; this will lead to additive
categories, and more particularly, abelian categories. Later, in Section 2.3, we shall
see what further assumptions are needed to reach module categories.

We recall that an object I in a category ./ is called initial if for each «/-object X
there is a unique morphism I — X; dually, if there is a unique morphism X — I for
each object X, then I'is called a final object. As we saw in BA, Section 3.3, an initial
(or final) object, when it exists, is unique up to a unique isomorphism. For example,
the category Rg of rings and homomorphisms has the trivial ring, consisting of 0
alone, as final object, and Z, the ring of integers, as initial object. Initial objects
arise in the solution of universal problems. Thus let .&/ be a concrete category, i.e.
a category with a forgetful functor U to Ens, the category of sets and mappings,
which is faithful, and denote by UX the underlying set of an .o/-object X. We fix
a set S and consider the category (S.U) whose objects are mappings S — UX
(X € Obs/) and whose morphisms are commutative triangles arising from an
o/-map f : X — Y by applying U. This is the comma category based on S and U.
An initial object in this category is said to have the universal property for the set S.
For example, in the category of groups, the free group on S has the universal
property for S.



34 Homological algebra

UX

-

S uf

~

Uy

Let </ be a category and (X,) any family of .&/-objects. Given .«/-objects P, Y, each
family of maps x; : P — X; gives rise to a natural mapping

(Y, P) > ]‘[._.h/(y.x,). (2.1.1)

where g 1— gn; and [] is the usual Cartesian product. When (2.1.1) is bijective for
each Y we call P a product of the X; with natural projections m,. The product P
with its maps , can also be described as the solution of a universal problem, for
it is the final object in the category whose objects (A, f;) are families of maps
fi : A — X; and whose morphisms ¢ : (A, f;) — (B. g) are families of commutative
triangles, thus ¢ : A — B satisfies f, = pg;. It follows that the product, when it
exists, is unique up to isomorphism. We shall denote it by []X;; thus we have an
isomorphism, natural in Y:

.,9/(Y,1_[X,) =[] (v. X, (2.1.2)

Here [] on the left denotes the product just defined, and on the right the usual
Cartesian product of sets.

Examples

1. In Ens, [] reduces to the Cartesian product. Likewise in Ab, the category of
abelian groups, or more generally, in Mody, the category of right R-modules,
[T is the direct product introduced in BA, Section 4.2.

2. In the category of all abelian torsion groups, [] X, is the torsion subgroup of the
ordinary direct product of the X,.

3. In the category of all finite abelian groups the product does not exist; this is easily
seen by taking an infinite family of non-trivial groups.

4. The product of the empty family (in any category where it exists) is the final
object in the category. For here we have on the right of (2.1.1) the empty product,
which by convention is a 1-element set.

There is a dual construction, the coproduct: given any family (X;) of .o/-objects, their
coproduct, also called sum, is an .&/-object S with maps y; : X; — S, called the natural
injections, such that (S, i) is a product of the X, in the dual category .«/°. For an
explicit definition we need only reverse the arrows in the definition of the product.
Thus (S. u;) is a coproduct if for any .«/-object Y the natural mapping

(S, Y) - ]_[.c/(X,', Y)
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given by f i— p;f is a bijection. As before, the coproduct, when it exists, is unique up
to isomorphism; denoting it by [ [ X;, we have the isomorphism

(,r/(]_[ X,. Y) = [[#x.Y).

For example, in Ens the coproduct is the disjoint union, while in Ab or Modg it is the
direct sum (see BA, Section 4.2). As usual, a power of M is a product of copies of M;
similarly a copower is a coproduct (or sum) of copies of M. In particular, for a finite
family of modules the product and coproduct are the same, except for the associated
mappings (which go in opposite directions). The connexion between these two
concepts becomes clearer in additive categories.

Definition. A category ./ is said to be additive if

Ad.1 each o/(X.Y) is an abelian group for an operation written +,
Ad.2 the composition a. B1— a B is biadditive, i.e.

(@+a)B=af+a'B.a(f+B)=af+aB'. (2.1.3)
Ad.3 each finite family has a product and a coproduct.

By applying Ad.3 to the empty family of objects we see that each additive category
has an initial and a final object. In Ad.3 it is enough to assume the existence for
pairs of objects and the empty family; the full strength can then be recovered by
an easy induction argument. We also observe that axioms Ad.1-Ad.3 are self-dual.
Further we remark that in Ad.3 it is enough to demand the existence of products
(or only coproducts); the existence of the other sort results from the remarks follow-
ing Theorem 2.1.1 below.

For example, the category Mody of R-modules is additive, since Homg(M. N) has
an abelian group structure for which (2.1.3) holds. On the other hand, Ens, Rg and
Gp are not additive, for there is no way of defining an abelian group structure on the
hom sets to satisfy (2.1.3).

It is clear that a category with a single object is just a monoid; if the category also
satisfies Ad.1 and Ad.2, it is a ring. Similarly in any additive category ./, the group
& (X.X) is a ring for each X € Ob.¢/.

For finite families of objects in an additive category we can define a further type of
product, which helps to clarify the connexion between products and coproducts. Let
./ be any additive category and X,,.... X, any ./-objects. The biproduct of the
family (X;...., X,), written []Xi, is an object B with 2n maps p,: B— X,
gi * X, — B, such that

@.p; = dijly,, ZP:‘L’ =1y (2.1.4)

The three kinds of product are related by

Theorem 2.1.1. In an additive category .</ let (X;) be a finite family of objects. Given
an .«/-object B and maps p; : B — X,. q, : X, — B, such that q;p; = &;;, the following
conditions are equivalent:
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(a) (B.pi) is a product of the X,,
(b) (B.q,) is a coproduct of the X,
(c) (B.p,.q,) is a biproduct of the X,.

Proof. (a) = (c). Let (B. p;) be a product and write ¢ = >_ p;g;; then ¢p, : B — X,
satisfies @p; = p;, for ¢p; = > piqip, = pi. By uniqueness, ¢ = 13 and so B is a
biproduct. '

(c) =»(a). Given f,: A — X,, we can define f:A— B by f =73 fiq,. Then
fpi = 3", fiqipi = f,» therefore (B. p;) is a product. Thus we have shown that (a) <
(c) and by duality, (b) < (¢). a

We observe that any finite product (or coproduct) in any category satisfying Ad.1
and Ad.2 can be completed to a biproduct in a unique way. Given a product (B. p;)
of Xy..... X, fix j and define f, : X; — X, by f, = §;;. Then there exists g, : X, —» B
such that q;p; = §;;. This holds forj=1..... n, and now (B. p;. g,) is a biproduct, by
Theorem 2.1.1. Thus every finite product can be completed to a biproduct in a
unique way, and by duality the same holds for finite coproducts. So we find

Corollary 2.1.2. Let </ be a category satisfying Ad.1 and Ad.2. Then any finite family
of .«/ -objects has a coproduct if and only if it has a product, and the two are isomorphic.
In particular, the product and coproduct of any finite family are isomorphic in any
additive category. - |

Taking the empty family, we see that the initial and final object in any additive
category are isomorphic. An object that is both initial and final is called a zero
object. Thus every additive category has a zero object. By a zero morphism we under-
stand a morphism which can be factored via a zero object. With this definition it is
easily seen that in an additive category the neutral element in each hom group is the
zero morphism.

We also note that on writing p = (p;..... pu)g=1{q..... q.)7, we can express
(2.1.4) in the form

pq=1s. gqp=
0 Ix

"

Our next task is a categorical description of kernels; we begin with monomorphisms
and subobjects. In any category {not necessarily additive) a map « : X — Y is said to
be monic or a monomorphism if whenever Ae. ua are both defined, then

A = po  implies A= pu.
In an additive category this condition can of course be simplified to
Aa =0 implies A =0,

whenever Ae is defined. In Ens the monomorphisms are just the injective mappings.
More generally, in any concrete category injective morphisms are monic; the converse
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holds frequently but not always. By a subobject of an object A we understand a pair
(X, ) such that ¢ : X —> A is monic. Two subobjects (X, @) and (X' e’) of a
given object A are said to be equivalent if there is an isomorphism A : X — X'
such that @ = Aa’. It is clear that this leads to the expected notion of subset in the
category Ens, or subgroup in Gp.

Dually a morphism o : X — Y is said to be epic or an epimorphism if it is left
cancellable:

oA =ap  implies A = p.

In an additive category this can again be shortenedtoaA = 0= A =0.1ff : A —> X
is epic, the pair (X, f) is called a quotient object of A, and equivalence is defined as
before. A quotient object in Ens is just a quotient set; in Gp it is a quotient group (by
a normal subgroup).

Let </ be an additive category; given a map « : X — Y, we shall define the kernel
of & as a certain subobject of X. Consider all maps A : A — X such that Aa = 0; for
fixed @ we obtain a category by taking these maps A as objects and as morphisms
from A to A’ maps ¢ from the source of A to that of A’ such that X = ¢A’, with
the obvious composition rule (obtained by composing maps in .2/). A final object
in this category, if one exists, is called a kernel of «. Thus a kernel of & is a map
A 1A — X such that Ae =0 and any other map A': A" — X satisfying A'w =0
can be factored uniquely by A, i.e. we have A" = @A for a unique map ¢. This can
be expressed more briefly by saying that the kernel is the largest subobject ‘killed’
{i.e. mapped to 0) by «. The kernel need not exist, but if it does, it is unique up
to equivalence, and in fact is a subobject of X. For let (A, 1) be the kernel and
assume that f A = 0; then by the uniqueness of the factorization, f = 0. The kernel
A of « or also the map A to X, will be denoted by ker e.

Dually the cokernel of ¢ : X — Y is an initial object in the category of all maps
w Y — C such that ep = 0. This is a quotient object of Y, unique up to equiva-
lence if it exists; it (or also the map from Y) will be denoted by coker c.

Given any map « : X — Y, assume that ker e, coker « exist. Then we can define
two further objects, the image of @, a subobject of Y, and the coimage of &, a quotient
object of X:

im o = ker coker «. coim o = coker ker «.

Again they need not exist, but if they do, they are unique up to equivalence. Further
we have the following diagram:

24
kero = X — Y — coker«

J 0 (2.1.5)

. « .
comao — 1m o

Here coim « is the largest quotient of X killing ker e, hence there is a map
k:coima — Y such that ¢ = (coim «)«. It follows that (coim «)k(coker a) = 0;
but coim is epic, so k(coker @) = 0, and since im « is the largest subobject of Y
killed by coker «, there is a unique map ¢’ : coim @ — im « to make the diagram
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commute. If we had proceeded in dual fashion, starting from im o and going via a
map X — im «, we would have obtained another map " : coim o — im « to make
the square commute. Now & = (coim a)a'(im «) = (coim «)a"(im «); since coim «
is epic and im « is monig, it follows that @’ = «”, so the maps coincide and there is
complete symmetry. In important cases ¢’ is an isomorphism and this suggests the

Definition. An abelian category is an additive category ./ such that

Ab.1 every map in &/ has a kernel and a cokernel,
Ab.2 the induced map coim o — im « is an isomorphism.

This definition can be applied to any category with a zero object, not necessarily
additive; such categories are called exact.

These axioms, like the others, are self-dual. An example of an abelian category is
Ab, the category of abelian groups, or more generally, the category Mody of right
R-modules, for any ring R (BA, Section 4.2). By contrast the category Gp is not
abelian (it is not even additive), and there are additive categories that are not abelian,
such as the category of topological abelian groups and continuous homomorphisms;
here Ab.2 need not hold, because there are continuous homomorphisms that are
bijective but have no continuous inverse.

In an abelian category monic and epic maps have a simple description:

Proposition 2.1.3. In any abelian category a map « is monic if and only if ker « = 0
and epic if and only if coker @ = 0. If ker « = coker @ = 0, then « is an isomorphism.

Proof. By definition of ker o we have Ao = 0 iff A = A'(ker ) for some A'. Hence
A = 0 holds for all such maps iff ker @ = 0. This proves the first assertion; the second
follows by duality. If & : X — Y is such that ker « = coker @ = 0, then ima =Y,
coim ¢ = X and « = «' is an isomorphism. [ - ]

We observe that this result often fails to hold in more general categories, e.g. in Rg
the inclusion map Z — Q is both epic and monic but is clearly not an isomorphism.
A sequence of objects and maps in an abelian category

ay ay
'_)AnAl iAn 3An+1_')~~-

is called a complex if ¢ e, ., = 0 for all n. This means that im «, is a subobject of
ker @, for all n. If we have equality at A, : im «, = ker o, . |, the sequence is said
to be exact at A,. If the sequence is exact at each object, we speak of an exact sequence.
It is clear that this generalizes the usage introduced for modules in BA, Section 4.2.

The simplest cases of exact sequences are 0 — A — 0, which means that A =0
(A is the zero object) and 0 - A — B — 0, which means that A = B, by Proposi-
tion 2.1.3. The first non-trivial case is that of a short exact sequence

0> A a2 4" 5o, (2.1.6)

In the case of modules this indicates that A is isomorphic to a submodule of A, with
quotient isomorphic to A”; thus A is an extension of A" by A”. In an abelian category
we take (2.1.6) as the definition of an extension; thus we call A an extension of A’ by
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A" when there is an exact sequence (2.1.6). A monomorphism A clearly satisfies
A = ker coker A, hence in the short exact sequence (2.1.6), A = ker u and dually,
p = coker A. The next case is that of an exact sequence with four non-zero terms;
this arises for example when we analyse a general map & : X — Y and obtain the
exact sequence in the top line of diagram (2.1.5).

As for modules, the case of split exact sequences is important:

Proposition 2.1.4. Given maps @ : X — Y, f8:Y — X in an abelian category such
that af = 1, the canonical composite ker 8 — Y — coker « is an isomorphism.

Proof. Write &' = coker o, 8 = ker B, so that ea’ = 0 = B'S; we have to show that
B'a’ is an isomorphism. Since B is epic, B = coker 8'; if B'a’f = 0 for some f, then
there exists g such that o'f = Bg, by the definition of B’ as ker B. Hence
g=o0fg =aa'f =0,s0 a'f = Bg =0, but ¢’ is epic and hence f = 0. This shows
that B’a’ is epic; by duality it is monic and so is an isomorphism. [ |

When maps «, B are related as in Proposition 2.1.4, « is called a section and B a
retraction.

Corollary 2.1.5. For a short exact sequence (2.1.6) in an abelian category the following
conditions are equivalent:

(a) A is a section,
(b) w is a retraction,
(c) A= A'[]A" for suitable maps « : A —> A", B: A" — A.

Proof. (a) = (c). By hypothesis there is a map « such that Ao = 1. Put v : ker « —A
for the canonical inclusion. Since u = coker 2, it follows from Proposition 2.1.4 that
vy is an isomorphism and on writing 8 = (vu) ~'vA” — A, we find that Bu = 1.
We claim that A is a biproduct of A", A” relative to the maps A, 8; . u. Clearly
A =0, Ba=0, so it only remains to show that oi+ uf=1. Write
f=ar+puB—14 then fu=pupu—pn =0, hence f =f'A where f'=f'Aa =
fo=ara+pupfoe—a=a—a=0; it follows that f=0 as claimed. Thus
A = A'T] A”; the converse is clear, hence (a) < (c), and now (b) < (c) follows by
duality. [ - |

A short exact sequence satisfying the equivalent conditions of this corollary is said
to be split exact.

We recall from BA, Section 4.2 that in a category of modules, for any pair of maps
with a common target, : A — C, B : B — C, there is a ‘least common left multiple’
P with maps @' : P — B, 8’ : P — A such that ¢’'8 = f’« and for any pair «”, 8"
such that @B = B"« there exists y such that «” = ya', 8" = yB". It is called the
pullback  of the triple (@, 8, C). This pullback exists in any abelian category, for,
given ¢ : A — C, B: B— C, form the product A[] B with projections p, q on A,
B respectively; now it is easily verified that ker(pa — gfB) is a pullback of e, B.
A dual construction can be carried out for the pushout of a triple (C, o, 8) as
coker (ai. Bj), where i, j are the injections of A, B (the targets of «. 8) into the
coproduct A[]B.
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The following property of pullbacks was proved in BA for the module case
(Proposition 4.2.1); we now see that it holds quite generally:

Proposition 2.1.6. Let A be an additive category. Given a pullback diagram
(A, B.C: P) as shown below, if ker o’ exists, then ker a exists and ker « = ker .
A dual result holds for pushouts.

0K -5 P2 B
tu Ty L

K = A-5C

Proof. Write ker ¢’ = (K’, v'); we shall show that (K', v'8°) is a kernel of «. In the
first place v'8’a = v'a’B = 0; secondly, if v: K — A is such that va = 0, then the
triangle ABC can be completed by K to a commutative square, with 0 : K — B,
hence there is a unique map A:K — P such that A’ =v, Xa’ =0. Since
v =kera’, there is a unique map p:K — K’ such that uv’ =2, hence
pnv'B’ = v and this shows that v can be factored uniquely by v'8’; therefore ker
a=(K',v'8’), as claimed. [ - |

In particular we see that in a pullback in an abelian category, ¢’ is monic iff «
is monic and dually for pushouts. Consider a commutative square, as in the above
diagram. This corresponds to a complex

0—>P——;l->ADB—L>C—>O, (2.1.7)

where A = (8’1, aj), u = poe — qB and i, j, p, q are the natural injections and pro-
jections of the biproduct A [] B. The square is a pullback iff P = ker(pa — qB), i.e.
(2.1.7) is exact at P and A[] B; it is a pushout iff C = coker(B'i, a’j), i.e. (2.1.7)
is exact at A[] B and C. It follows that a pullback is also a pushout whenever u
is epic. Suppose now that « is epic and let v be such that puv=0. Then
av = ipav = i(pa — gB)v = iuv = 0, and hence v = 0; this means that u is epic.
Thus if in a pullback « is epic, then we have a pushout and so by Proposition
2.1.6, &’ is also epic. This proves

Corollary 2.1.7. Given a pullback diagram as in Proposition 2.1.6 in an abelian
category, if « is epic, then so is «'. Dually, if in a pushout diagram « is monic, then
50 is o' a

Exercises

1. Show that Ens has an initial and a final object, but no zero object.

2. Show that in Rg the inclusion Z — Q is monic and epic but not an iso-
morphism. Is the inclusion Z — R an epimorphism?

3. Show that in a concrete category every monomorphism is injective.
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4. Show that any epimorphism of groups is surjective. (Hint. If  with target G is
not surjective, examine the maps from G to the group of all permutations of G.)

5. Show that the pushout of two maps « : C = A, : C — B, one of which is the
zero map, is A @ B.

6. Show that A’ —> A —> A" is exact iff the compositions im A — A — coim u
and ker 4 — A — coker A are both zero.

7. Show that in an abelian category a map « is monic iff « = ker coker a, and epic
iff @ = coker ker «.

8. Let 57 be an abelian category; a subcategory .7, is said to be abelian if with any
morphism e, ker & and coker & (formed in /) lie in .o/,. Verify that .7, is again
an abelian category.

9. (3 x 3 lemma in abelian categories) Given three short exact sequences whose
second and third terms, topped and tailed by 0’s, form columns of exact
sequences, so as to form a commutative diagram, show that there is just one
way to fill in arrows between the first terms so as to make the diagram com-
mutative, and the first column is then exact.

10. (Windmill lemma) Given two rows of short exact sequences with a common
middle term, written as a row and column, say, form the pullback of the
NW-square, the pushout of the SE-square and factorize the SW- and NE-squares
through their images. Show that the resulting diagram is commutative, with
exact rows and columns. Deduce the second isomorphism theorem for abelian
categories: A,/(A; NA;) =2 (A) + Aj)/A-.

11. Let R be any ring. Given R-modules and homomorphisms o :A — C,
B:B— C, show that the pullback of @ and B is the submodule of A ® B
given by {(x, y)ixa = yB}. Given a : C > A, B: C — B, show that their push-
out is (A @ B)/K, where K = {(za, z8)|z € C}.

12. Show that the pushout of two K-algebras A, B relative to the natural maps
K — A.K — B is their tensor product over K.

2.2 Functors on abelian categories

Whenever we consider functors between additive categories we shall assume that
they are additive; here F : &/ — 2 is called additive if (¢ + B)f = o + p*, when-
ever o + f is defined; thus the mapping «/(X, Y) — #(X¥, Y¥) is a group homo-
morphism. For example, in any additive category .&/ the hom functors
P X 1> /(A X) and s 0 X 1— .o/ (X, A) are additive functors from ./ to Ab; on
the other hand, the functor X 1— Hom(X*. X) between vector spaces, where X* is
the dual of X, is not additive. To give another example, an additive category with
a single object is just a ring; now an additive functor between one-object categories
is nothing other than a ring homomorphism, or an antthomomorphism in the case
of a contravariant functor. Henceforth all functors are assumed to be additive unless
otherwise stated.

Let .o/, # be any categories. We recall (from BA, Section 3.3) that between two
functors F, G from .&/ to # a natural transformation is a family of morphisms
@x : XF — XY such that for any &/-morphism f: X — Y we have foy = ¢xf;
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a natural transformation with a natural transformation as inverse is a natural
isomorphism.

If we apply an additive functor to a biproduct (B. p;, q;), the defining equations
between the p’s and g’s are preserved, hence the result is again a biproduct. By
Theorem 2.1.1 we obtain

Proposition 2.2.1. Any additive functor acting on an abelian category preserves finite
products, coproducts and biproducts. a

Clearly any functor takes zero maps to zero maps and hence transforms a complex
into a complex. We shall be particularly interested in functors that preserve exact-
ness. A functor T is said to be exact if it transforms each exact sequence

A B¢ (2.21)
into an exact sequence
g ! — -
AT gt L T (2.2.2)

For example, an equivalence between categories is an exact functor. We recall from
BA, Section 3.3 that two categories .o/, # are equivalent if there are two functors
T:o — B,S:# — o such that TS is naturally isomorphic to the identity functor
on ./, and similarly ST is naturally isomorphic to the identity on 4. Any functor
T :.«/ — # defines for each pair X, Y of .«/-objects a mapping

LXK Y)—> AXT, Y. (2.2.3)

The functor T is called faithful if (2.2.3) is injective and full if (2.2.3) is surjective. For
an equivalence functor T, (2.2.3) is a bijection, so in this case T is full and faithful.
Moreover, an equivalence functor T is dense in the sense that every .«/-object is iso-
morphic to one of the form X7, for some .«/-object X. As we saw in BA, Proposition
3.3.1, a functor T is an equivalence iff it is full, faithful and dense.

All this holds in quite arbitrary categories; when .«/. # are additive (and by
assumption T is an additive functor), (2.2.3) is clearly a group homomorphism,
and it follows easily from this that any equivalence functor is again exact.

However, exact functors are rare; most functors only satisfy a weaker condition.
We define a functor to be left exact if it preserves kernels and right exact if it
preserves cokernels. First we have a restatement of this condition.

Proposition 2.2.2. A functor between abelian categories T : A — B is left exact if and
only if the exactness of

0—>4->B15C (2.2.4)
implies the exactness of

- I p ! .
AT 2L BT, (2.2.5)
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Similarly T is right exact if and only if it preserves exactness when the 0 in (2.2.4) is at
the other end (i.e. when coker u = 0).

Proof. The exactness of (2.2.4) is expressed by the equation A = ker u. If T preserves
kernels, it follows that A7 = ker 1 and so (2.2.5) is exact. Conversely, if (2.2.5) is
exact, then by applying T to the exact sequence 0 — 0 — A — B, we ﬁnd that the
sequence 0 — A" — BT is exact, as well as (2.2.5), so A" = ker u”, and this
shows T to be left exact. Similarly for right exactness. [ - |

Corollary 2.2.3. A functor between abelian categories is exact if and only if it is left and
right exact.

Proof. Clearly an exact functor is left and right exact; conversely, if a functor T is left
and right exact, it preserves kernels and cokernels, hence 1mages and c01mages By
hypothesis im A = ker 4 in (2.2.1), hence im A7 = (im A= (ker )" = ker u’,
so T is indeed exact. [ - ]

We note that (2.2.1) is exact iff the sequence
0> imA—>B— coimu—0
is exact. Thus if T transforms short exact sequences into short exact sequences, then

it is exact. The converse is clear, so we have

Corollary 2.2.4. A functor between abelian categories is exact if and only if it preserves
the exactness of short exact sequences. a

So far all functors were tacitly assumed to be covariant. If T : ./ — 4 is a contra-
variant functor, we shall call T left exact if the covariant functor op.T : &/ — Z is
left exact. Right exact contravariant functors are defined correspondingly, by the
right exactness of op.T. The reason for this form of the definition (rather than
using T.op : ./ — 4") is to be found in

Theorem 2.2.5. For any abelian category </, the bifunctor .«/(X, Y) is left exact in each
argument, i.e. ¥, hy are each left exact.

Proof. For any p:Y —>Y” in ./ the kernel of the induced mapping
(X o) AKX Y) > (X, Y") is the set of morphisms killed by u, ie. the
maps that factor uniquely through ker 1«. Thus

ker .o/(X, u) = .&/(X. ker u),
hence h* is left exact, as claimed. Similarly, for any A : X' — X in ./,
ker .o/(A.Y) = .o/(coker A, Y).

therefore hy is left exact. a

Let </ be any category. A functor F from A to Ens is said to be representable if
there is an .«/-object P such that X* = .&/(P. X); in other words, F is then naturally
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isomorphic to h” and one also says that F is represented by P. When the category «/ is
abelian, we can similarly define the representability of a functor from &/ to abelian
groups. A contravariant functor G from ./ is called representable if there is an
./-object Q such that Y6 = &/(Y,Q), thus G is naturally isomorphic to hg. For
example, the dual of a vector space is representable, almost by definition:
V* = Homg(V, k). To give another example, consider U(R), the group of units of
a ring R. It can be shown that this functor is representable by the infinite cyclic
group Z, thus U(R) = Mon(Z. R), where Mon is the category of monoids and R is
considered as multiplicative monoid.

Sometimes we‘shall need a criterion for a functor to preserve inexact sequences;
a sequence —>— is called inexact if it is not exact, i.e. if im A # ker .

Proposition 2.2.6. A functor T between abelian categories preserves inexact sequences if
and only if it is faithful.

Proof Suppose first T preserves inexact sequences; we must show that T is faithful,

e « + () implies o’ #0. Given «:A— B, where o #0, the sequence
A —> A > B is inexact, hence it remains so on applying T, i.e. ker &’ # A" and
so ! #0.

Conversely, assume that T is faithful and consider the sequence (2.2.2). If this is
exact, then (Au)’ = AT T= = 0, hence Ay = 0. Now let ker p1 = (B'. i) and consider
the composition B’ SNy PNy ThlS is zero, hence so is the result of applying T
and it gives rise to a map (ker u)’ — ker u”!. Likewise there is a map coker
%" — (cokera)', and the sequence

(ker u)T — ker u” — B" — coker A" — (coker 1)"

is exact at B”; hence the composition (ker u)’ — B' — (coker )7 is zero, and it
follows that the sequence (2.2.1) is exact at B. [ - |

There is a useful test for exactness in the case of adjoint functors. Given two
functors T: .o/ — A.5:.4 — 7/, we call =/, B an adjoint pair, or more precisely,
S a left adjoint and T a right adjoint if for any .</-object X and #-object Y,

A X)=RBY, X)), (2.2.6)

where in the case of additive categories & is an isomorphism of abelian groups which
is natural in X and Y. The notion of an adjoint pair can of course be defined in quite
general categories; then (2.2.6) is merely a bijection of sets (still natural in X and Y).
For example, if U : Gp — Ens is the forgetful functor from groups, associating with
each group its underlying set, then

Gp(Fx. G) = Ens(X, G'),

where Fy is the free group on X. Generally nearly every universal construction arises
as the left adjoint of a forgetful functor. To give another example, if i : Ab — Gp is
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the inclusion functor and ab : Gp — Ab is abelianization, i.e. passing from a group
Gto G = G/G’, the universal abelian image (see BA, Section 3.3), then

Ab(G® A) = Gp(G, iA).

The typical construction described by a right adjoint singles out a subset by some
closure operation; see for example Exercise 8.

Returning to the general case of an adjoint pair (2.2.6), we observe that each of S, T
determines the other up to natural isomorphism, for if we had

ABY. XTy=B7.X"), (2.2.7)

let us first take Y = X' and denote by @ : X’ — X' the map on the right of (2.2.7)
corresponding to the identity map on the left; next take Y =X’ and let
B: X" — XT be the map on the left corresponding to the identity map on the
right. Then ¢f = 1y, B = 1, -, so « is a natural isomorphism.

We also note that the hom functor as a bifunctor is faithful. Taking for example,
bt X i— /(A, X), we have for o : X — Y, h* : 11— A, thus h% is right multi-
plication by «, and choosing A = 1y we find that Ao = 0 for all A implies & = 0;
similarly for hy. With these preparations we have

Theorem 2.2.7. Let S and T be a pair of adjoint functors between abelian categories o/
and A. Then the left adjoint S is right exact and the right adjoint T is left exact. More-
over, if o/, A have arbitrary products and coproducts, then T preserves products and S
preserves coproducts.

Proof. Let us apply (2.2.6) to a short exact sequence
0— X x5 x.
We obtain a commutative diagram of complexes
0— LY. X) > /(Y X) > LY. X")
= I L= (2.2.8)
0— B(Y.X") > BY.X")— BY.X")

By Theorem 2.2.5 the top row is exact, hence so is the bottom row, and this arises by
applying the functor h' to the sequence

0> X" 5 x> Xx"L (2.2.9)

But h'', when Y is allowed to vary, is faithful and so preserves inexact sequences; since
the bottom row in (2.2.8) is exact, so is (2.2.9). This proves T to be left exact, and
it preserves products, by (2.2.6). A dual argument shows S to be right exact and
to preserve coproducts. o

Let € be an abelian category and I a partially ordered set, regarded as a small cate-
gory. We denote by ¢ the functor category whose objects are functors from [ to %
with natural transformations as morphisms; thus the objects are families of % -objects
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indexed by I, with families of 6 -maps as morphisms. Explicitly a %-object (A;, @j;)
consists of €-objects A; with ¥-maps «;; : A; — A; for i < j, such that

o =1, ooy =ay (i <j<k). (2.2.10)
Conditions (2.2.10) are called the coherence conditions and a family satisfying them is
said to be coherent. A morphism f: (A; ;) — (B, B;;) is a family of maps

fi : A; = B; such that aiif; = fiB,; for i < j.
We have the diagonal functor

A% % (2.2.11)

which with each %-object A associates the constant family (A;, ;;) with A; = A,
@,;; = 1. The adjoint functors of A play an important role. The direct limit (also
called the inductive limit or colimit ) lim _ is defined as the left adjoint of A:

%(lim . (A,.a;;).B) = 6'((A,.«,)), A(B)). (2.2.12)
If L = lim (A;) exists, there are maps u; : A, — L satisfying u; = ajju; for i < j such

that any map (f)) from (A;.«,j)) to A(B) can be factored uniquely by (u,), thus
fi=wA forall i€l for a unique A : L — B.

For example, when I is totally unordered, the direct limit reduces to the co-
product. If I consists of three points 1, j, k with i < j. i < k, we obtain the pushout.
Let us describe direct limits for modules. The construction is simplified if we assume
I to be a directed partially ordered set (i.e. given i.j € I, there exists k > i, j); in that
case the family (A;. «;,) is also called a direct family. The direct limit L is the direct
sum of the A; modulo the submodule generated by the elements x - xa,,(x € A,) for
i <j. For an example from field theory, let F be a field and (E,) the family of all
extensions of F of finite degree, with inclusions as mappings; then it is clear that
we have a direct family. Its direct limit is a field Q containing F, which is algebraic
over F and algebraically closed, and hence is the algebraic closure of F (see BA,
Section 7.3 and Section 11.8).

Similarly the inverse limit (also the projective limit or simply limiz) lim._ is defined
as the right adjoint of A:

%(B.lim_ (A,.a;;)) = % (A(B). (A,. a0y))).
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] - ] / aij
\

The inverse limit C has maps v, : C — A; such that vje;; = v; and any map (f;) from
A(B) to (A;, «jj) can be factored uniquely by (v,), thus f; = v, for all i € I, for a
unique ¢ : B — C.

When [ is totally unordered, this reduces to the product of the A,. For a triple 1, j, k
with i < k, j < k it becomes the pullback. To describe the construction for modules
we take I inversely directed and refer to (A;.«j;) as an inverse family. The inverse
limit of such a family of modules is obtained by forming the product []A, and
taking the submodule of all elements (x;) such that xje;; = x,.

To illustrate the notion of inverse limit consider a free group F of rank > 1. Let us
write (N,) for the family of all normal subgroups of finite index in F. Then G, = F/N,
is a finite group and for N; € N, we have a natural homomorphism ¢,; : G; — G,
and these homomorphisms are coherent. Since the intersection of any two of the
N, is again of finite index, we have an inverse family and we can form the inverse
limit G = lim.. (G,). This group G is called a profinite group (as projective limit
of finite groups). Since the natural homomorphisms F — G; are compatible with
the ¢,,, we have a canonical homomorphism y:F — G. As we shall see in
Section 3.4, NN; = 1, and it follows easily from this fact that y is injective. However,
y is not surjective, for G, as inverse limit, is uncountable, whereas F is countable
whenever its rank is at most countable. A similar construction is possible for abelian
groups, thus for example Z can be embedded in a profinite group, or even in a pro-
p-group (see Exercise 10).

The last example illustrates another important point, namely the lack of duality in
general module categories. As we have seen, the notion of an abelian category can be
developed in an entirely self-dual manner. However, the category of all modules over
a given ring is not self-dual, except for very special rings, so in order to describe
module categories axiomatically one will need axioms whose duals may not hold.
We shall not carry out the full axiomatization (which can be found in most books
on category theory) but merely list one axiom holding in all module categories
but not always for their duals. This is Grothendieck’s
AB5 Axiom. Given a chain of subobjects (A,) and any subobject B of an object, we have

(UA))NB=UA;NB). (2.2.13)

The following equivalent form will be more convenient for us:

I. The functor lim_. is exact.
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Since lim_. is in any case right exact, as left adjoint, this requires that for any families
of exact sequences 0 — A; — B; the sequence

0 — lim_. (A;) > lim_.. (B;)

should again be exact. Like (2.2.13) this condition is easily verified in any category of
modules. The dual states

I°. The functor lim._ is exact.

By duality we need only verify that the exactness of A; — B; — 0 entails that of
lim. (A;) > lim_ (B;) — 0. In most module categories this does not hold. For
example, taking A; = Z and B; the family of finite images, we have lim._ (4;) = Z,
but the mapping Z — Z = lim_ (B,) is far from surjective, since the limit Z is
uncountable.

In BA, Section 4.7 we have already met projective and injective modules. Their
counterpart in abelian categories is of importance, because it can be used to
remedy the lack of exactness of the hom functor (Theorem 2.2.5).

Definition. Let ./ be an abelian category. An 2/-object P is called projective if the
covariant hom functor h” = .o/(P, —) is exact; an ./-object I is called injective if
the contravariant hom functor h; = .«/(—, I) is exact.

An alternative description of projective objects is given in

Theorem 2.2.8. Let P be an object in an abelian category .o/. Then the following
conditions are equivalent:

(a) P is projective,
(b) every short exact sequence

05> A->BL P (2.2.14)

with P in third place splits,
(c) given a diagram with exact row as shown, there exists a map P — B to make the
triangle commutative.

y

.
B—B"—0

Condition (c) may be expressed by saying: every map from P to a quotient of B may
be lifted to B. We note that the statement of this theorem is quite similar to that of
Theorem 4.7.4 of BA for modules, but we shall not be able to use the proof given
there, which depended on the existence of free modules. On the other hand, the
proof given below provides another proof of Theorem 4.7.4 of BA.
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Proof. (a) = (b). Given a short exact sequence (2.2.14), we find by (a) that the
sequence of abelian groups

0— ./(P.A) > &/(P.B) - &/(P,P) > 0

is exact. Now 1p € .o/(P, P) and by exactness there exists 8 € .«/(P. B) such that
Bu = 1p, hence (2.2.14) splits.
(b) = (c). By forming the pullback of the given diagram we obtain

ker @ —> C —> P
AL
B— B"—0
By Corollary 2.1.7, o is epic, hence by (b) the top row splits, so there is a map

f:P— Cand fB:P— Bis the required map.
(c) = (a). Given a short exact sequence, we apply .«/(P. —) and obtain

0~ /(P.B") — «/(P.B) — /(P.B") - 0. (2.2.15)

By the left exactness of hom this can fail to be exact only at /(P, B”). But by (c)
every map P — B” lifts to a map P — B, and this means that (2.2.15) is also
exact at .o/(P, B"). [ ]

Of course there is a dual characterization of injectives:

Theorem 2.2.9. Let I be an object in an abelian category «/. Then the following con-
ditions are equivalent:

(a) [ 1s injective,
(b) every short exact sequence

0—->I—>B—-C—>0

with I in first place splits,
(c) given a diagram with exact row as shown, there is a map A — I such that the
resulting triangle is commutative.

0— A" — A

|

1"
Here (c) may be expressed by saying: every map from a subobject of A to I can be
extended to A.
The proof is dual to that of Theorem 2.2.8 and so may be left to the reader. B

Although the notions of projective and injective module are dual, they can have
very different appearance in actual categories and we shall return to this question
for module categories in Section 2.3 and Section 4.6.
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Exercises

1. Show that a functor between additive categories is additive iff it preserves finite
products.

2. Use Exercise | to show that a functor between additive categories forming part
of an adjoint pair is necessarily additive.

3. Show that a subcategory of an abelian category is abelian ift the inclusion functor
is exact.

4. Show that for a faithful functor T in an abelian category, C % 0 implies C' # 0.
Show that for an exact functor this condition is sufficient as well as necessary.

5. Let T:o/ — %, S: B — &/ be a pair of functors giving an equivalence of
categories. Show that S, T is an adjoint pair as well as T, S.

6. Show that for any abelian category the following are equivalent: (a) every object
is projective, (b) every object is injective, (c) every short exact sequence splits.

7. Let S, T be a pair of adjoint functors between abelian categories. Show that if S
is left exact, then T preserves injectives; if T is right exact, then S preserves
projectives.

8. For any group G denote by ZG the group ring of G over Z. Show that the
correspondence Gi— ZG is a functor from Gp to Rg whose right adjoint is
the functor R—U(R), where U(R) is the group of units of R.

9. Show that a functor .«/ — % is full and faithful iff .«/ is equivalent to a full
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